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Batch Fermentation /w pH Inhibition. Model parameter estimation from dynamic data.
Instructor: Nam Sun Wang

Model parameters

-pK
My = 1 hr! Ke:=1 g/L pKy:= 6 Ky := 10 PP
. - PK2
Y, = 0.5 g biomass/g substrate  pK, := 8 K,:=10
Mm-S Mm-S
H(s,H) = H(s,pH) =
H K ( —pH+pKy - PK2+I0H)
Ke|l+—+—|+5s K\l + 10 + 10 +s
Ki H
Product formation o:= 10 % mole H/g biomass B:=10 " mole H/(hr.g biomass)
s:=0,0.1..20 pH := 4,4.1..10
Effect of Substrate on p Effect of pH on p
1 T T T 1
o8- . 0.
M(S,G) ,I// g H(S, pH)
0.6/, ] 0.6
s HU10.PH)
u(s, 8) 0417 —— pH=6 u(15, pH) 04
o2f [T PH=7 1 0.2
pH=8
0 1 1 I 0

This organism is actually quite pH tolerant. It grows over a very
wide pH range.

Simulate batch fermentation. Initial condition  x,:= 0.19/L sp:=109/L Hy:=10 % mole/L
ODEs pHo := —log(Ho) = 9
dxdt(x,s,H) := p(s,—log(H))-x _biomass
1
dsdt(x,s,H) := —7-u(s,—log(H))~x _substrate

X

dHdt(x,s,H) := oa-p(s,—-log(H))-x + B-x ... product (which is directly related to H)

dxdt(yo,yl,yz) %o
dydt(t.y) == | GA(Y.Yy.Y,) 1.C. yine:=| So
det(yO,yl,yz) Ho

Length of time to complete fermentation  t;:= 20  n:= 100

—
ty = rkfixed(yini, 0, tr, n, dydt) t:= ty<0> X = ty<1> s:= ty<2> H:= ty<3> pH:= —log(H) p:=H
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Batch Fermentation /wo pH Control
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ODEs with pH controlled at pH=7 1;,. (hr)
dxdt(x,s.p) = (s, 7)-x ... biomass
1
dsdt(x,s,p) := —-(s,7)-x substrate
YX
dpdt(x,s,p) := a-p(S, 7)-X + B-X ... product
axd(y.Y5.Y,) X
dydt(t,y) := dsdt(yo,yl,yz) L.C. Yinit:=| So
dpdi(y(-Y5.Y,) Ho
Length of time to complete fermentation  t;.:= 5
i (o ) 2
tye = rkfixed(yini, 0, tre, n,dydt)  toi=tye~  Xci= ty Sc = 1y,
Batch Fermentation /w pH Control
101 ___ T I I 1
T T~ —— Biomass
_______ ~.]----- Substrate
8 Product 0.8
— - - Specific Growth Rate

Concentration (g/L for x & s, mole/L for p)

Time (hr)

Specific Growth Rate (1/hr)

Pc= tYC<3>

Specific Growth Rate (1/hr)
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Note that biomass and product concentrations closely match, because product formation is
dominated by the growth-related term a-p-x.
Hn - Hg

—269x 10 °

Without pH control, fermentation lasted t; = 20hr Product productivity mole/(L|

ts
p. — Ho _
n ~1076x 10" °

With pH control, fermentation lasted t; = 5 hr Product productivity mole/(Ll
tee

Product productivity with pH control is ~5X higher than that without pH control.

Estimate Model Parameter from Dynamic Data. Estimate 4 model parameters
simultaneously.

p::(l-Lm KS)T
ty(P) = |(pm Ko) < p'

Mm-S
— pH+pK — pKo+pH
1110 2 ) +5s

u(s,pH) «
Ks(l +10

dxdt(x,s,H) « p(s,—log(H))-x

dsdt(x,s, H) « —Yi-u(s,—log(H))-X

X

dHdt(x,s,H) <« o p(s,—log(H))-x + B-x
dxdt(yo,yl,yz)

dydt(t,y) « dsdt(yo,yl,yz)
det(yO,yl,y2>

ty « rkfixed(yinit,o,tf, n,dydt)

. (o ) 2 (3
True: tym = ty(p) t=tym Xm = tym Sm = tYm Him == tym PHp = _IOQ(Hm)

sse(p) == |ty « ty(p)

(x s H) (ty<1> ty<2> ty<3>)

pH « —log(H)

sse < (X = Xp)-(X = Xm) + (S = Sm)-(s = sm) + (PH = pHpn)-(PH = pHpy)
True value: pT =(11)
Initial guess: p:= (10 10)" sse(p) = 308.744

11

1 _
Estimated value: p := Minimize(sse,p) = [:J sse(p) = 1.933 x 10 ... Good!
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Estimate 4 model parameters simultaneously.
T
pi=(km Ks PKy PKy)

T
ty(p) := (Hm Ks pKy pKZ)(_p

Mm-S
— pH+pK — pKo+pH
PHAPKL pzp)+s

u(s,pH) «
Ks(l +10

dxdt(x,s,H) « p(s,—log(H))-x

dsdt(x,s, H) « —Yi-u(s,—log(H))-X

X

dHdt(x,s,H) <« o p(s,—log(H))-x + B-x
dxdt(yo,yl,yz)

dydt(t,y) « dsdt(yo,yl,yz)
det(yO,yl,y2>

ty « rkfixed(yinit,o,tf, n,dydt)

. (o ) 2 (3
True: tym = ty(p) t=tym Xm = tym Sm = tYm Him == tym PHp = _IOQ(Hm)

sse(p) == |ty « ty(p)

(x s H) < (ty<1> ty<2> ty<3>)
pH « —log(H)
sse < (X = Xp)-(X = Xmn) + (S = Sm)-(s = Sm) + (PH = pHpm)-(PH = pHpy)
True value: pT: (116 8)
Initial guess:  p=(2 2 5 10)" sse(p) = 1.563 x 10°
1.097
. . 2.159 _3
Estimated value: p := Minimize(sse,p) = 5 697 sse(p) = 2.791 x 10
' «—K,, pK,, pK, estimates are off.
9.968 % P, PH

Estimated values of x. s. pH are good.
Predicted: tye == ty(p) t= tYE<O> Xe = tYe<1> S == tye<2> He = tye<3> pHe == _IOQ(He)
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T I I 1
—— Biomass (True)
w N - Biomass (Predicted)
— —— Substrate (True) 0.8
_X_e ———————— Substrate (Predicted)
10 pH (True)
Sm ; 0.6
pH (Predicted)
Se —— Specific Growth Rate (True)
__________ Specific Growth Rate (Predicted)
pH 0.4
M5
pHe
0.2
0 0

10 15
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Estimate 5 model parameters simultaneously.

p:= (I-Lm Ks pKy pK; YX)T

ty(p) :=

(Hm Ks pKy pK; Yx)<_p

T

Mm-S

u(s,pH) «

True: tym := ty(p)
sse(p) = |ty « ty(p)
(x s H) <—(
pH « —log(H)

KS-(l 110
dxdt(x,s, H) < p(s,—log(H))-x

X

ti=1tym

dsdt(x,s, H) « —Yi-u(s,—log(H))-X

dHdt(x,s,H) < o-p(s,—log(H))-x + B-x
dxdt(Y .Y,

dydi(t,y) « | 9s9t(¥g.Y;.Y,)
dHdt(yg,Y,.Y,)

ty « rkfixed(yinit,o,tf, n,dydt)

(@

(
Xm = WYm

ty<1> ty<2> ty<3> )

— pH+pK — pKy+pH
1+10 2 )+s

Sm = tynm

Hp = tym<3>

sse < (X = Xp)-(X = Xmn) + (S = Sm)-(s = sm) + (PH = pHp)-(PH = pHpy)

pH, = —Iog(Hm)
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True value: pl=(116 8 05)
Initial guess: p=(2 25 10 1) sse(p) = 4.133 x 10°
1111
2.024
p := Minimize(sse,p) = | 5.74 sse(p) = 0.077

Estimated value:

9.947 «—K,, pK}, pK, estimates are off.

0.501 Estimated values of x, s, pH are good.
Predicted: tye == ty(p) t:= tYE<0> Xe = tYe<1> Sg == tYe<2> He := tye<3> pHe == _IOQ(HG)
T I I 1
—— Biomass (True)
N - Biomass (Predicted)
— —— Substrate (True) 0.8
_X_e ———————— Substrate (Predicted)
3 10 pH (True)
m pH (Predicted) 106 p(sm,pHm)
Se —— Specific Growth Rate (True) —
---------- Specific Growth Rate (Predicted) 0s P(Sea PHe)
PH, o . T
pHe
—10.2
0 : : Q
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Estimate all 7 model parameters simultaneously. Since a & 3 are not O(1), the sse
minimization step will terminate prematurely and return the same set of parameters as the initial
guess. Here we adjust the magnitude to bring all parameters to O(1).

5 .7\
p= (lJJm Ks pKy pKz Yy 10”7 310 )

T
ty(p) := (Hm Ks pKy pKy Yy a B)(_p

aeal0
Be p10 '
Hm-S
H(s.PH) < — pH+pK — pKy+pH
Ks-(1+10 ti10 77 )+s

dxdt(x,s,H) « p(s,—log(H))-x

dsdt(x,s,H) « —Yiu(s,—log(H))-X

X

dHdt(x,s,H) « o-p(s,—log(H))-x + B-x
dxdt(yo,yl,yz)

dydt(t.y) « | GA(¥.Yy.Y,)
det(yO,yl,y2>

ty < rkfixed(yinit, 0, ¢, dydt)

. (o ) 2 (3
True: tym = ty(p) t=tym Xm = tym Sm = tYm Him == tym PHp = _IOQ(Hm)

sse(p) == |ty « ty(p)

(x s H) < (ty<1> ty<2> ty<3>)
pH « —log(H)
sse < (X = Xp)-(X = Xmn) + (S = Sm)-(s = Sm) + (PH = pHp)-(PH = pHyy)
True value: pP=(11680511)
Initial guess: p=(2 251012 0.5)T sse(p) = 3.276 x 103
1.049
2.167
5.495
Estimated value: p := Minimize(sse,p) = | 9.958 sse(p) = 2.86

0496 | «——K,, pKy, pK,, a, & B estimates are off.
1.512 | The estimated values of x, s, pH are ok.

0.496
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Predicted: ty,:= ty(p)  t:= tye<0> X = tye<1> Se 1= tye<2> He == tye<3> pHe := —log(He)
T I I 1
—— Biomass (True)
N - Biomass (Predicted)
— —— Substrate (True) 0.8
_X_e ———————— Substrate (Predicted)
3 10 pH (True)

m pH (Predicted) 106 p(sm, pHm)
Se —— Specific Growth Rate (True) —
---------- Specific Growth Rate (Predicted) 0s P(Sea pHe)
PHm 5 T
pHe 0.2

e EE T e 0

0 5 10 15 20

Ingeneral, u,, and Y, are estimated well. The estimated pK, value is adjusted from the initial guess
toward the true value, but the estimated pK, value does not change much from the initial guess,
because the pH dynamic data do not stay around the pK, range. Likewise, the K value is not
estimated well, because the dynamic data for s do not hover around the K range forlong. The
value of a & B estimates are off with a been adjusted toward the true value more than 3, because
the growth-rated term a-y-x overshadows the maintenance-related term 3-x in dp/dt. If we let
fermentation run longer such that the term the term 3-x becomes more significant than the term
a-u-x, we will be able to estimate B befter. The predicted values of x, s, pH are all quite good. In

summary, to achieve better estimates of all the model parameters, we need to have data
from more runs that cover the range of the model variables being estimated.



