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fŰƣƖŸĬƨĦƣŔŸŰ 
nterfacing measurement instrumentation to small computers for the purpose of online data 

acquisition is standard practice in the modern science laboratory. Scientists use computers for data 

acquisition, data processing, and storage, using digital computer-based numerical methods. 

Techniques covered in this book can transform signals into more useful forms, detect and measure 

peaks, reduce noise, improve the resolution of overlapping peaks, compensate for instrumental 

artifacts, test hypotheses, optimize measurement strategies, diagnose measurement difficulties, and 

visualize and decompose complex signals into their component parts. These techniques can often make 

difficult measurements easier by extracting more information from the available data. Many of these 

techniques employ laborious mathematical procedures that were not even practical before the advent of 

computerized instrumentation. It is important for you to appreciate the abilities, as well as the 

limitations, of these techniques. In recent decades, computer storage and digital processing have 

I 
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become far less costly and literally millions of times more capable, reducing the cost of raw data and 

making complex computer-based signal processing techniques both more practical and necessary. 

Approximations and shortcuts that were once necessitated by mathematical convenience are no longer 

needed (e.g. pages 141, 199, 276). The introduction of artificial intelligence (AI) is revolutionizing the 

field. I take this up on page 442. It is not just the growth of computers: there are now new materials, 

new instruments, new fabrication techniques, new automation capabilities. We have lasers, fiber optics, 

superconductors, super-magnets, holograms, quantum technology, nanotechnology, and now chatbots 

that can write in perfect English and even write code in several computer languages (though this book 

is human-written). Sensors are smaller, cheaper, and faster than ever before. We can measure over a 

wider range of speeds, temperatures, pressures, and locations. People carry smartphones and fitness 

trackers everywhere they go, recording their heart rate, etc., creating new kinds of data sets that we 

never had before. The increasing complexity and volume of data requires advanced skills and tools to 

analyze and derive meaningful insights. Kate Keahey, a Senior Scientist at Argonne National 

Laboratory, writes that "Software is a vital part of the research landscape, and most researchers will 

benefit from understanding its possibilities, limitations and the requirements for building it".  

This book covers only basic topics related to one-dimensional signals, not two-dimensional data such 

as images. It uses a pragmatic approach and is limited to mathematics only up to the elementary 

aspects of calculus, statistics, and matrix math. I use logical arguments, analogies, and hundreds of 

graphics and animations to explain ideas, rather than lots of formal mathematics. Data processing 

without math? Not really! Math is essential, just as it is for the technology of cell phones, GPS, digital 

photography, the Web, computer games, and modern cars. But you can get started using these tools 

without understanding all the underlying math and software details. Seeing it working makes it more 

likely that you will want to understand how it works. Nevertheless, in the end, it is not enough just to 

know how to operate the software, any more than knowing how to use a word processor or a MIDI 

sequencer makes you a good author or musician. I will get you started with things that work. It is up to 

you to decide if a deep dive into advanced topics becomes necessary for your purposes.  

Why do I title this document "signal processing" rather than "data processing"? By "signal" I mean the 

x,y numerical time-series data recorded by scientific instruments, where x may be time or another 

quantity like energy or wavelength, as in the various forms of spectroscopy. This is sometimes called 

ñsquiggly lineò data. I donôt deal so much with categorical data. In other words, I am oriented to data 

that you would plot in a spreadsheet using the scatter chart type rather than bar or pie charts.  

Some of the examples here come from my own areas of research in analytical chemistry, but most 

come from a wide range of application areas. Over 870 journal papers, theses, and patents have cited 

my book and software, covering fields from academia, industry, environmental, medical, engineering, 

earth science, space, military, financial, agriculture, communications, and even music and speech 

science. Hundreds of readers have sent suggestions and experimental data from their own work that 

have helped shape my writing and software development. Much effort has gone into making this 

document concise and understandable. It has been positively reviewed by many readers. 

At the present time, this work does not cover image processing, pattern recognition, or factor analysis. 

For these topics and for a more rigorous treatment of the underlying mathematics of the topics I do 

cover, refer to the extensive literature on signal processing and on statistics and chemometrics. 

https://terpconnect.umd.edu/~toh/spectrum/AIorHumanWriter.pdf
https://terpconnect.umd.edu/~toh/spectrum/AIorHumanWriter.pdf
https://www.elsevier.com/connect/gravitational-waves-discovery-shows-why-software-should-be-every-scientists-business
https://www.anl.gov/
https://www.anl.gov/
https://terpconnect.umd.edu/~toh/spectrum/papers.pdf
https://terpconnect.umd.edu/~toh/spectrum/index.html#comments
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Throughout this work, a wide range of applications and connections are described, some potentially 

intriguing, such as stock market investing (page 326), human cognitive biases (page 361), the failure of 

a NASA spacecraft (page 72), cosmic rays from outer space (page 50), adding one kind of noise to 

reduce another (page 308), studying beach erosion by wind-blown sand (page 304), coding with A.I. 

(page 442), expanding the classical limits of measurement in spectroscopy (page 276), the 

intelligibility of digitized speech (page 99 and 381), low-cost miniature computers (page 344), and an 

easy way to create interactive GUI apps (page 37). The citations list (page 521 in the PDF) is evidence 

of a truly mind-boggling range of applications. A quick sense of the most common applications areas 

can be seen in this list of terms that appear in the paper titles and journal names that cite this book.  

This site makes considerable use of Matlab, a high-performance commercial and proprietary numerical 

computing environment and "fourth generation" programming language that is widely used in research 

(14, 17, 19, 20), Octave, a free Matlab alternative that runs almost all of the programs and examples in 

this book, and Python, a powerful but free and open-source language. There is a good reason why 

Matlab and Python have become so popular in science and engineering. They are powerful, fast, and 

relatively easy to learn. A very important aspect of both languages is the concept of functions, which 

are self-contained modules of code that accomplish a specific task. Functions usually "take in" data, 

process it, and "return" a result. (A trivial example is a=sqrt(b), which takes the value of b, computes its 

square root, and assigns it to the variable a). Once a function is written, it can be used again and again. 

Functions can also be "called" from the inside of other functions. Matlab and Python come with built-in 

functions for doing data processing tasks like matrix math, filtering, Fourier transforms, convolution 

and deconvolution, multi-linear regression, and optimization. You can write your own custom functions 

to use in your future programming projects, and you can download form their collection of thousands 

of useful user-contributed functions. Matlab has available a large number of add-ons called toolboxes 

created by experts in various fields for performing specialized mathematical tasks, including parallel 

computing, symbolic math (page 462) and to libraries written in C, C++, Java, Fortran, and Python and 

it's extensible to model-based design for dynamic and embedded systems. A companion piece called 

Simulink is a graphical programming environment for modeling, simulating and analyzing 

multidomain dynamical systems. Python also has an incredible array of free add-on libraries. 

Most of the techniques covered in this work can also be performed in common spreadsheets such as 

Microsoft Excel or OpenOffice/LibreOffice Calc (11, 22, 23). The latter can be downloaded without 

cost from their web sites, https://sourceforge.net/projects/octave/ and https://www.libreoffice.org/. 

You can download all of my Matlab/Octave or Python scripts and functions, and the spreadsheet 

templates, from http://tinyurl.com/cey8rwh at no cost. They have received extraordinarily positive 

feedback from users. (If you try to run one of my scripts or functions and it gives you a "missing 

function" error, look for the missing item from http://tinyurl.com/cey8rwh, download it into your 

Matlab/Octave search path. Type ñhelp pathò for more information about the search path). 

If you do not know Matlab, read page 17 and following for a quick start-up. Matlab is specifically 

suited to numerical methods, matrix manipulations, plotting of functions and data, creation of 

algorithms and user interfaces, rapid prototyping, and deployment to portable devices such as tablets - 

essentially the needs of numerical computing by scientists and engineers. Matlab is loosely and 

dynamically typed, is less well-structured in a formal sense than other languages, and it tends to be 

https://terpconnect.umd.edu/~toh/spectrum/Titles%20and%20Journals.txt
http://en.wikipedia.org/wiki/MATLAB
file:///C:/Users/tomoh/Dropbox/SPECTRUM/SignalArithmetic.html%23Octave
https://en.wikipedia.org/wiki/Python_(programming_language)
https://en.wikipedia.org/wiki/Model-based_design
https://en.wikipedia.org/wiki/Embedded_system
https://www.mathworks.com/products/simulink.html
https://www.geeksforgeeks.org/blogs/python-libraries-to-know/
https://sourceforge.net/projects/octave/
https://www.libreoffice.org/
http://tinyurl.com/cey8rwh
https://terpconnect.umd.edu/~toh/spectrum/SignalProcessingTools.html#comments
https://terpconnect.umd.edu/~toh/spectrum/SignalProcessingTools.html#comments
http://tinyurl.com/cey8rwh
https://www.mathworks.com/help/matlab/matlab_env/what-is-the-matlab-search-path.html
https://www.amazon.com/Scientific-Computing-Scientists-Engineers-Textbook-ebook/dp/B0138NP7GM
https://www.computerhope.com/jargon/l/looslang.htm
https://www.computerhope.com/jargon/l/looslang.htm
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more favored by scientists and engineers and less well-liked by computer scientists and professional 

programmers. Matlabôs streamlined integrated workflow is one of its biggest advantages. It has coding, 

visualization, debugging, and data analysis in a single, cohesive environment, making it ideal for: 

1. Rapid Prototyping: Quickly write code, visualize results, and iterate without needing external 
tools. 

2. Data Analysis and Visualization: Built-in tools and straightforward plotting functions make it 

simple to analyze and visualize data. 

3. Integrated Debugging: Debugging in Matlab is intuitive, with tools to inspect variables, step 

through code, and view results in real time. 

4. Toolboxes: Prebuilt, specialized toolboxes for signal processing, machine learning, and more 
save time and reduce complexity. 

5. Ease of Use: Matlabôs language and interface are designed to prioritize user-friendly workflows, 

with everything accessible through the Command Window, Editor, and figures. 

While languages like Python offer unmatched flexibility and scalability, Matlab 's simplicity and focus 

make it particularly effective for researchers, engineers, and scientists who value an environment where 

everything just works without needing to manage external packages or dependencies. 

Python is different in many details, is harder to install, and requires the installation of several add-on 

ñpackagesò, but it has the great advantage of being free. I have used the Anaconda distribution and 

Spyder. Note: you can use an A.I. chatbot to convert Matlab to Python or vice versa (page 442). 

There are several versions of Matlab, including stand-alone low-cost student and home versions, fully 

functional versions that run in a web browser (see graphic below), and apps that run on iPads and 

iPhones. See https://www.mathworks.com/pricing-licensing.html for prices and restrictions in their use.  

 

Matlab Online running my interactive peak fitter, ipf.m (page 417) in a Windows PC browser 

https://realpython.com/matlab-vs-python/#syntax-differences-between-matlab-and-python
https://packaging.python.org/tutorials/installing-packages/
https://repo.anaconda.com/
https://www.spyder-ide.org/
https://www.mathworks.com/products/matlab-online.html
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://www.mathworks.com/pricing-licensing.html


Page | 14  

There are alternatives to Matlab: Octave, which is essentially a Matlab clone. There is also Scilab, 

FreeMat, Julia, and Sage, which are mostly or somewhat compatible with the MATLAB language. For 

a discussion of other possibilities, see http://www.dspguru.com/dsp/links/matlab-clones.  

If you are reading this book online, on an Internet-connected computer, you can click or Ctrl-click on 

any of the http Web addresses or on the names of downloadable software or animations to view or 

download that item. For a complete list of all my software, see page 479 or http://tinyurl.com/cey8rwh. 

ÉŔŊŰċũШċƖŔƣőůĲƣŔĦ 
The most basic signal processing operations are those that involve simple signal arithmetic: point-by-

point addition, subtraction, multiplication, or division of two signals or of one signal and a constant. 

Despite their mathematical simplicity, these operations can be very useful. For example, in the left part 

of the figure below (Window 1) the top curve is the optical absorption spectrum of an extract of a 

sample of oil shale, a kind of rock that is a source of petroleum. 
 

 

A simple point-by-point subtraction of two signals allows the background (bottom curve on the left) to 

be subtracted from a complex sample (top curve on the left), resulting in a clearer picture of what is 

really in the sample (right). (X-axis = wavelength in nm; Y-axis = absorbance). 

This optical spectrum exhibits two absorption bands, at 515 nm and 550 nm. These peaks are due to a 

class of molecular fossils of chlorophyll called porphyrins, which are used as ñgeomarkersò in oil 

exploration. These bands are superimposed on a background absorption caused by the extracting 

solvents and by non-porphyrin compounds in the shale. The bottom curve is the spectrum of an extract 

of a non-porphyrin-bearing shale, showing only the background absorption. To obtain the spectrum of 

the shale extract without the background, the background (bottom curve) is simply subtracted from the 

sample spectrum (top curve). The difference is shown in the right in Window 2 (note the change in the 

Y-axis scale). In this case, the removal of the background is not perfect, because the background 

spectrum is measured on a separate shale sample. However, it works well enough so that you can see 

the two bands more clearly and it is easier to measure precisely their absorbances and wavelengths. 

(Thanks to the late Prof. David Freeman of the Univ. of Maryland for the spectra of shale oil extracts). 

In this example and the one below, I am assuming that the two signals in Window 1 have the same x-

axis values - in other words, that both spectra have been digitized at the same set of wavelengths. 

http://www.dspguru.com/dsp/links/matlab-clones
http://tinyurl.com/cey8rwh
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Subtracting or dividing two spectra would not be valid if two spectra were digitized over different 

wavelength ranges or with different intervals between adjacent points. The x-axis values must match up 

point for point. In practice, this is very often the case with data sets acquired within one experiment on 

one instrument, but you must be careful if you change the instrumentôs settings or if you combine data 

from two experiments or two instruments. It is possible to use the mathematical technique of 

interpolation to change the sampling rate (x-axis interval) or to equalize unequally spaced x-axis 

intervals of signals. The results are usually only approximate but often close enough in practice. Excel 

can perform calculations using the forecast function. Matlab and Octave have built-in functions for 

interpolation, including interp1.m, see example1 (graphic) and example2 (graphic).                                                                                                                                                                                               

Sometimes one needs to know whether two signals have the same shape, for example comparing the 

signal of an unknown to a stored reference signal. Most likely the amplitudes of the two signals will be 

different. Therefore, a direct overlay or subtraction of the two signals will not be useful. One possibility 

is to compute the point-by-point ratio of the two signals. If they have the same shape, the ratio will be 

constant. For example, examine this figure: 

 

Do the two signals on the left have the same shape? They certainly do not look the same, but that may 

simply be because one is much weaker than the other one. The ratio of the two signals, shown in the 

right part (Window 2), is relatively constant from 300 to 440 nm, with a value of 10 +/- 0.2. This means 

that the shape of these two signals is very nearly identical over this x-axis range. 

The left part (Window 1) shows two superimposed signals, one of which is much weaker than the other. 

But do they have the same shape? It is hard to tell. Itôs much clearer if you look at the ratio of the two 

signals, shown in the right part (Window 2), which is relatively constant from x=300 to 440, with a 

value of 10 +/- 0.2. This means that the shape of these two signals is the same, within about +/-2 %, 

over this x-axis range, and that the top curve is about 10 times more intense than the bottom one. 

Above x=440 the ratio is not even approximately constant. This is caused by noise, which is the subject 

of the next section (page 24). 

When you divide two vectors point by point, even a single zero in the denominator vector will stop the 

program with a division by zero error. A vanishingly small but finite number in the denominator will 

not stop the program but will generate a huge number in the result. Both problems can usually be 

avoided by adding a small non-zero constant to the denominator or by applying a small amount of 

smoothing (page 40) of the denominator or by using the Matlab/Octave function rmz.m (remove zeros) 

http://en.wikipedia.org/wiki/Interpolation
https://exceloffthegrid.com/interpolate-values-using-the-forecast-function/
https://www.mathworks.com/help/matlab/ref/interp1.html
https://terpconnect.umd.edu/~toh/spectrum/CompareInterp1andSpline.m
https://terpconnect.umd.edu/~toh/spectrum/CompareInterp1andSpline.png
https://terpconnect.umd.edu/~toh/spectrum/CompareInterpolationMethods2.m
https://terpconnect.umd.edu/~toh/spectrum/CompareInterpolationMethods2.png
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/rmz.m
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which replaces zeros with the nearest non-zero numbers. The related function rmnan.m removes NaNs 

(ñNot a Numberò) and Infs (ñInfiniteò) from vectors, replacing with neighboring real finite numbers.  

On-line calculations and plotting. Wolfram Alpha is a free Web site and a smartphone app that is an 

extremely useful computational tool and information source, including capabilities for symbolic 

mathematics, plotting, vector and matrix manipulations, statistics and data analysis, and many other 

topics (from the makers of Mathematica, page 462). Statpages.org can perform a huge range of 

statistical calculations and tests. There are several Web sites that specialize in plotting data, including 

Plotly and Grapher. All of these require a reliable Internet connection, and they can be useful when you 

are working on a mobile device or computer that does not have the required software installed. In the 

PDF version of this book, you can Ctrl-Click on these links to open them in your browser. 

ÉŔŊŰċũШċƖŔƣőůĲƣŔĦШŔŰШÉƓƖĲċĬƚőĲĲƣƚ 
Popular spreadsheets, such as Excel or Open Office Calc, are aimed mainly at business and financial 

applications, but still have built-in functions for many common math operations, named variables, x,y 

plotting, text formatting, matrix math, etc. Cells can contain numerical values, text, mathematical 

expressions, or references to other cells. You can represent a spectrum as a row or column of cells. You 

can represent a set of spectra as a rectangular 

block of cells. You can assign your own 

names to individual cells or to ranges of cells 

and then refer to them in mathematical 

expression by name. You can copy 

mathematical expressions across a range of 

cells, with the cell references changing or not 

as desired. You can make plots of various 

types (including the all-important x-y or 

scatter graph) by menu selection. For a nice 

video demonstration, see this YouTube video: 

http://www.youtube.com/watch?v=nTlkkbQWpVk. Both Excel and Calc offer a ñform designò 

capability with a full set of user interface objects such as buttons, menus, sliders, and text boxes. You 

can use these to create attractive graphical user interfaces for end-user applications, such as ones I have 

created for teaching analytical chemistry courses on http://terpconnect.umd.edu/~toh/models/. The 

latest versions of both Excel and OpenOffice Calc can open and save either spreadsheet file formats 

(.xls and .ods, respectively). Simple spreadsheets in either format are compatible with the other 

program. However, there are small differences in the way that certain operations are interpreted, and for 

that reason I supply most of my spreadsheets in .xls (for Excel) and in .ods (for Calc) formats. Google 

"Differences between the Open-Document Spreadsheet (.ods) format and the Excel (.xlsx) format". 

Basically, Calc can do almost everything Excel can do, but Calc is free to download and is more 

Windows-standard in terms of look-and-feel. Excel is more "Microsoft-y" and is often faster than Calc. 

If you have access to Excel, I recommend using that. Both Excel and Calc are often updated. 
 

If you are working on a tablet or smartphone, you could use the Excel mobile app, Numbers for iPad, 

or several other mobile spreadsheets. These apps can do basic tasks but do not have the fancier 

capabilities of the regular computer versions. By saving their data in the "cloud" (e.g., iCloud or 

https://terpconnect.umd.edu/~toh/spectrum/rmnan.m
http://www.wolframalpha.com/
http://products.wolframalpha.com/mobile/
https://www.wolframalpha.com/examples/mathematics/plotting-and-graphics/
http://www.wolframalpha.com/input/?i=matrix
http://www.wolframalpha.com/input/?i=statistics
http://www.wolframalpha.com/examples/
http://www.wolframalpha.com/examples/
http://statpages.org/index.html
https://plotly.com/matlab/
http://itools.subhashbose.com/grapher/
http://www.microsoftstore.com/store/msstore/pd/Excel-Home-and-Student-2010/productID.216446900/vip.true
http://www.microsoftstore.com/store/msstore/pd/Excel-Home-and-Student-2010/productID.216446900/vip.true
http://en.wikipedia.org/wiki/OpenOffice.org_Calc
http://www.youtube.com/watch?v=nTlkkbQWpVk
http://terpconnect.umd.edu/~toh/models/
http://office.microsoft.com/en-us/excel-help/differences-between-the-opendocument-spreadsheet-ods-format-and-the-excel-xlsx-format-HA010355787.aspx
http://www.macworld.com/article/2139403/excel-for-ipad-review-the-best-spreadsheet-app-for-the-ipad.html
http://www.apple.com/ios/numbers/?cid=wwa-us-kwg-features-com
http://www.searchenginejournal.com/5-awesome-spreadsheet-apps-for-the-iphone/
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SkyDrive), these apps automatically sync changes in both directions between mobile devices and 

desktop or laptop computers, making them useful for field data entry. When in doubt, ask an A.I. (page 

442). Its knowledge of nerdy technical details is astounding. 

ÉŔŊŰċũШċƖŔƣőůĲƣŔĦШċŰĬШƓũŸƣƣŔŰŊШŔŰШ~ċƣũċĤ 
In Matlab (and in its GNU clone Octave) or in Python, arithmetic is much like any other language: e.g. 

(a+b)/c. In Matlab and in Python (page 22), a single variable can represent either a single "scalar" 

value, a vector of values (such as a spectrum or a chromatogram), a matrix (a rectangular array of 

values, such as a set of spectra), or a set of multiple matrices. All the standard math operations and 

functions adjust to match. This greatly facilitates mathematical operations on signal waveforms. The 

subtraction of two signals a and b, as on page 14, can be performed simply by writing a- b. Likewise, 

the ratio of two signals in Matlab, as on page 15, is "(a./b) ". So, "./" means divide point-by-point 

and ".*" means multiply point-by-point. The * by itself means matrix multiplication, which you can use 

to perform repeated multiplications without using loops. For example, if x is a vector. 

  A=[1:100]'*x ;   

creates a matrix A in which each column is x multiplied by the numbers 1, 2,...100. It is equivalent to 

writing a "forò loop like this, but more compact to write and faster to execute:  

for n=1:100;  

  A(:,n)=n.*x;  

end  

Plotting data. If you have signal amplitudes in the variable y, you can plot it just by typing 

"plot(y) ". And if you also have a vector t  of the same length containing the times at which each 

value of y was obtained, you can plot y vs t  by typing "plot(t,y) ". Two signals y and z can be 

plotted on the same time axis for comparison by typing "plot(t,y ,t,z )". (Matlab automatically 

assigns different colors to each line. You can control the color and line style by adding additional 

symbols. For example,  "plot( x,y,'r.', x,z,'b - ') " will plot y vs x with red dots and z vs x with 

a blue line. You can divide up one figure window into multiple smaller plots by placing 

subplot(m,n,p)  before the plot 

command to plot in the pth section 

of an m-by-n grid of plots. (If you 

are reading this online, you can 

click here for an example of a 2x2 

subplot. You can also select, copy, 

and paste, or select, drag and drop, 

any of the single-line or multi-line 

code examples into the Matlab or 

Octave editor or directly into the 

command line and press Enter to 

execute it immediately). In 

Matlab, type "help plot" for more 

plotting options. In Python, ñimport matplotlib.pyplot as plt ò does Matlab-like plotting.  

https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/QuadFitToGaussian.png
https://terpconnect.umd.edu/~toh/spectrum/QuadFitToGaussian.png
https://matplotlib.org/2.0.2/users/pyplot_tutorial.html
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For publication-quality graphs, click on a Figure window, then click File > Export setup, choose the 

size, resolution, color, fonts, etc., then click Export and select the file format (e.g., TIF, eps, etc.). You 

can also use PlotPub , a downloadable library that is free, easy to use, allows great flexibility in 

choosing graph details, and creates great-looking graphs within Matlab that can be exported in EPS, 

PDF, PNG and TIFF with adjustable resolution. Here is an example (script, graphic). 

The function max(y)  returns the maximum value of y and min(y)  returns the minimum. Individual 

elements in a vector are referred to by index number. For example, t(10)  is the 10th element in vector 

t, and t(10:20)  is the vector of values of t from the 10th to the 20th entries. You can find the index 

number of the entry closest to a given value in a vector by using my val2ind.m function. For example, 

t(val2ind(y,max(y)))  returns the time of the maximum y, and t(val2ind(t,550): 

val2ind(t,560))  is the vector of values of t between 550 and 560 (assuming t contains values 

within that range). The units of the time data in the t vector could be anything - microseconds, 

milliseconds, hours, any time units.  

A Matlab variable can also be a matrix, a set of vectors of the same length combined into a rectangular 

array. For example, intensity readings of 10 different optical spectra, each taken at the same set of 100 

wavelengths, could be combined into the 10x100 matrix S. S(3,:)  would be the third of those spectra 

and S(5,40)  would be the intensity at the 40th wavelength of the 5th spectrum. The Matlab scripts 

plotting.m (left) and plotting2.m (right) show how to plot multiple signals using matrices and subplots.  

See TimeTrial.txt for details. It will help if you pre-allocate memory space for the A matrix by adding 

the statement A=zeros(100,100)  before the loop. Even then, the matrix notation is faster than the 

loop.  

    

In Matlab/Octave, "/" is not the same as "\". Typing "b\a" will compute the "matrix left divide", in 

effect the weighted average ratio of the amplitudes of the two vectors (a type of least-squares best-fit 

solution). The point here is that Matlab does not require you to deal with vectors and matrices as 

collections of numbers. It knows when you are dealing with matrices, or when the result of a 

calculation will be a matrix, and it adjusts calculations accordingly. See 

https://www.mathworks.com/help/matlab/matlab_prog/array-vs-matrix-operations.html.  

  

http://masumhabib.com/blog/plotpub-publication-quality-graph-v2-0-released/
https://terpconnect.umd.edu/~toh/spectrum/InbuiltPlotVersusPlotPub.txt
https://terpconnect.umd.edu/~toh/spectrum/LastPeakTwoGaussiansPlotpub.png
https://terpconnect.umd.edu/~toh/spectrum/GaussVsExpGauss.m
https://terpconnect.umd.edu/~toh/spectrum/PLotPub.png
https://terpconnect.umd.edu/~toh/spectrum/val2ind.m
https://terpconnect.umd.edu/~toh/spectrum/plotting.m
https://terpconnect.umd.edu/~toh/spectrum/plotting2.m
https://terpconnect.umd.edu/~toh/spectrum/TimeTrial.txt
http://www.mathworks.com/help/matlab/ref/arithmeticoperators.html
https://www.mathworks.com/help/matlab/matlab_prog/array-vs-matrix-operations.html
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Probably the most common errors you'll make in Matlab/Octave are punctuation errors, such as mixing 

up periods, commas, colons, and semicolons, or parentheses, square brackets, and curly brackets. Type 

"help punct" at the Matlab prompt and read the help file until you fall asleep. Little things can mean a 

lot in Matlab. Another common error is getting the rows and columns of vectors and matrices mixed 

up. (Full disclosure: I still make all these kinds of mistakes all the time). Click for a text file that gives 

examples of common vector and matrix operations and errors in Matlab and Octave. If you are new to 

this, I recommend that you read this file and play around with the examples there. Writing Matlab is a 

trial-and-error process, with the emphasis on error. Start simply, get it to work, then expand it in steps. 

There are many code examples in this text that you can Copy and Paste and modify into the Matlab/ 

Octave command line, which is a great way to learn. In the PDF version of this book, you can select, 

copy, and paste, or select, drag and drop, any of the single-line or multi-line code examples into the 

Matlab or Octave editor or directly into the command line and press Enter to execute it immediately). 

This is especially convenient if you run Matlab and read my web site or book on the same computer. 

Position the windows so that Matlab shares the screen with this website (e.g. Matlab on the left and 

web browser on the right as shown below). Or, even better, some desktop computers have two monitor 

outputs, so you can use two monitors simultaneously to expand the desktop horizontally.  

Hint: If you try to run one of my scripts or functions and it gives you a "missing function" error, look 

for the missing item from http://tinyurl.com/cey8rwh, download it into the search path, and try again. 

One thing that you will notice about Matlab is that the very first time you execute a script or function, 

and only the first time, there is a small delay before execution, while Matlab compiles the code into 

machine language. However, that only happens the first time. After that, the execution starts instantly. 

(For the fastest execution, the separately available ñMatlab Compilerò lets you share programs as 

stand-alone applications, separate from the Matlab environment. ñMatlab Compiler SDKò lets you 

build C/C++ shared libraries, Microsoft .NET assemblies, Java classes, and Python packages from 

Matlab programs). You can even do some real-time plotting in Matlab/Octave. See page 347. 

https://terpconnect.umd.edu/~toh/spectrum/help_punct.txt
https://terpconnect.umd.edu/~toh/spectrum/RowsAndColumns.txt
https://terpconnect.umd.edu/~toh/spectrum/RowsAndColumns.txt
https://terpconnect.umd.edu/~toh/spectrum/CopyPasteintoMatlab.png
http://tinyurl.com/cey8rwh
https://www.mathworks.com/help/matlab/matlab_env/what-is-the-matlab-search-path.html
http://www.mathworks.com/products/matlab-compiler-sdk/index.html
http://www.mathworks.com/products/matlab-compiler-sdk/index.html
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fůƓŸƖƣŔŰŊШċŰĬШĦũĲċŰŔŰŊШĬċƣċШ 
You can import your data into Matlab by using the ñImport Dataò and ñClean Dataò buttons in the 

Home tab or the xlsread or importdata functions on the command line or in a script. Data can be 

imported from plain text files (.txt), CSV files (comma separated values), from several image and 

sound formats, or from spreadsheets. For example, the following lines will read the first two columns 

of the csv file ñSample_5.0ppm.csvò in the current folder and assign them to the vectors x5 and y5, i.e. 

the independent and dependent variables, respectively: 
 

mydata=xlsread('Sample_5.0ppm.csv');  

x5=mydata(:,1);  

y5=mydata(:,2);  

Data cleaning functions in Matlab include fixing missing and outlier data, smoothing, normalizing, and 

stacking and unstacking tables (reference). The script "xlsreadDemo.m" provides a simple example of 

reading a multi-column spreadsheet ñxlsxò file. For more complex spreadsheets, Matlab has a very 

useful Import Wizard (click File > Import Data) that gives you a preview into the data file, parses the 

data file looking for columns and rows of numeric data and their labels, and gives you a chance to 

select and re-label variables and to choose to import them as vectors, matrices, or tables. You can even 

click on the little arrow next to ñImport selectionò and Matlab will write you a script that will perform 

those operations, which you can modify for other file types and formats. 

 

JCAMP-DX is a standard file form for exchanging infrared spectra and related chemical and physical 

information between spectrometer data systems of different manufactures. Matlabôs jcampread function 

can import such data. For example, see ReadJcampExample.m. It is also possible to import 

approximate data from graphical line plots or printed graphs by using the built-in "ginput" function that 

obtains numerical data from the coordinates of mouse clicks, or by using more automated applications 

http://www.mathworks.com/help/matlab/import_export/recommended-methods-for-importing-data.html
https://terpconnect.umd.edu/~toh/spectrum/xlsread.txt
https://terpconnect.umd.edu/~toh/spectrum/importdata.txt
https://www.mathworks.com/discovery/data-cleaning.html
https://terpconnect.umd.edu/~toh/spectrum/xlsreadDemo.m
https://terpconnect.umd.edu/~toh/spectrum/xlsreadDemo.m
http://www.jcamp-dx.org/
https://terpconnect.umd.edu/~toh/spectrum/ReadJcampExample.m
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such as ñData Thief 3ò or Figure Digitizer in the Matlab File Exchange. Obviously, the results will not 

be as accurate as having access to the original data in a numerical data file. Matlab R2013a or newer 

can read the sensors on your iPhone or Android phone via Wi-Fi. To read the analog output signals of 

older analog instruments, you need an analog-to-digital converter, an Arduino microcontroller board, or 

a USB voltmeter. Mathworks has separate data acquisition toolbox for Matlab. Note: The addition, 

subtraction, multiplication, or division of two digital signals requires that they have the same number of 

data points. If necessary, you can remove some points from the longer signal or add some points to the 

shorter one (usually zeros, which is called ñzero fillingò). 

Python can import data in text, CSV, JSON, Matlab, and several other formats, using the Variable 

Explorer panel in the Spyder desktop, or through the separately downloadable Pandas Data Analysis 

package.  
 

~ċƣũċĤШéĲƖƚŔŸŰƚЮ  
The standard commercial version of Matlab is expensive (over $2000) but there are student and home 

versions that cost much less 

(as little as $49 for a basic 

student version) and that have 

all the capabilities to perform 

any of the methods detailed in 

this book at comparable 

execution speeds. There is 

also Matlab Online, which 

runs in a common web 

browser (see the graphic on 

13). You do not even need a 

regular computer: there is a 

free Matlab Mobile app that 

runs a Matlab interface on 

Internet-connected iPhones 

and iPads (illustrated on the 

right). This requires only a 

basic student license and uses 

all the standard functions, 

plus any of my functions or 

scripts (or any of your own) 

that you have previously up-

loaded to your account on the 

Matlab cloud. All these 

versions have computational 

speeds that are mostly within 

a factor of 2 of each other, as 

shown by TimeTrial.txt.  

https://datathief.org/
http://www.mathworks.com/matlabcentral/fileexchange/11077-figure-digitizer
http://blogs.mathworks.com/pick/2013/08/09/reading-from-sensors-on-your-mobile-phone/
https://www.google.com/search?q=analog+to+digital+converter+device&sca_esv=9c3862cfc17cffc5&source=hp&ei=KuUyaauXB-SPwbkP7oPfsQo&iflsig=AOw8s4IAAAAAaTLzOm97hAs-KhGn5WPDcf6hgun0N24d&oq=analog+to+digital+converter&gs_lp=Egdnd3Mtd2l6IhthbmFsb2cgdG8gZGlnaXRhbCBjb252ZXJ0ZXIqAggEMggQABiABBixAzIFEAAYgAQyBRAAGIAEMgUQABiABDIFEAAYgAQyBRAAGIAEMgUQABiABDIFEAAYgAQyBRAAGIAEMgUQABiABEiErwFQkwlYhFJwAXgAkAEBmAF8oAHlFqoBBTE5LjExuAEByAEA-AEBmAIeoAKvFqgCCsICChAAGAMY6gIYjwHCAgoQLhgDGOoCGI8BwgIREC4YgAQYsQMY0QMYgwEYxwHCAgsQABiABBixAxiDAcICBBAAGAPCAg4QLhiABBixAxjRAxjHAcICCxAuGIAEGNEDGMcBwgILEC4YgAQYsQMYgwHCAg4QABiABBixAxiDARiKBcICDhAuGIAEGLEDGIMBGIoFwgIFEC4YgATCAhUQLhiABBixAxjRAxiDARjHARgKGAvCAg8QABiABBixAxiDARgKGAvCAgYQABgDGArCAg4QLhiABBixAxiDARjlBMICBRAhGKABwgIIEAAYFhgKGB7CAgsQABiABBiGAxiKBcICCBAAGKIEGIkFwgIIEAAYgAQYogTCAgUQABjvBcICChAAGIAEGLEDGA3CAgcQABiABBgNmAMF8QX0cpW17GV5gpIHBTE3LjEzoAe43wGyBwUxNi4xM7gHqhbCBwYzLjI2LjHIBys&sclient=gws-wiz
https://www.google.com/#q=Arduino+microcontroller+board
https://www.google.com/#q=USB+voltmeter
https://www.mathworks.com/products/data-acquisition.html
https://www.tutorialspoint.com/importing-data-in-python
https://pandas.pydata.org/
https://www.mathworks.com/products/matlab-online.html
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://www.mathworks.com/cloud.html
https://terpconnect.umd.edu/~toh/spectrum/TimeTrial.txt
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~ċƣőШŔŰШÂǃƣőŸŰ 
In Python, after importing numpy as np, the basic math functions are very similar to those in Matlab: 

len(d), np.sum(d), np.mean(d), np.std(d), np.sqrt(d), max(d), min(d) . 

Exponentiation in notated as ** rather than ^ as in Matlab. See page 439 for other examples. 

] ÖШ§ĦƣċƻĲШ 
Octave is a free alternative to Matlab that is "mostly compatible". DspGURU says that Octave is ñ...a 

mature high-quality Matlab clone. It has the highest degree of Matlab compatibility of all the clones.ò 

Everything I said above about Matlab also works in Octave. In fact, the most recent versions of almost 

all my Matlab functions, scripts, demos, and examples in this document will work in the latest version 

of Octave without change. The keystroke-operated interactive functions iPeak (page 253), iSignal (page 

376), ipf.m (page 416) and ifilter.m, require separate versions for Octave, which use different keys for 

pan and zoom. There is an FAQ that may help in porting Matlab programs to Octave. See ñDifferences 

Between Octave & Matlabò. There are Windows, Mac, and Unix versions of Octave. The Windows 

version can be downloaded from Octave Forge. There is lots of help online: Google "GNU Octave" or 

see the YouTube videos for help. For signal processing applications specifically, Google "signal 

processing octave".  
 

Octave Version 10.3.0 is now available for download. The documentation is online (see 

https://www.octave.org). Almost all my scripts and functions run on Octave. However, it is still 

computationally slower on average than the latest Matlab version, depending on the task (specific 

comparisons for several different signal processing tasks are in TimeTrial.txt). Bottom line: Matlab is 

better, but if you cannot afford Matlab, Octave provides most of the functionality for 0% of the cost. 

(Note: the older Octave 3.6 can even run on a Raspberry Pi, a low-cost miniature computer described 

on page 344). 

https://www.w3schools.com/python/module_math.asp
http://en.wikipedia.org/wiki/GNU_Octave
https://cvw.cac.cornell.edu/matlab/octave
http://en.wikipedia.org/wiki/GNU_Octave#MATLAB_compatibility
http://www.dspguru.com/dsp/links/matlab-clones
http://wiki.octave.org/FAQ#Porting_programs_from_Matlab_to_Octave
http://wiki.octave.org/FAQ#Porting_programs_from_Matlab_to_Octave
https://www.google.com/search?q=Key+Differences+Between+Octave+%26+Matlab&oq=Key+Differences+Between+Octave+%26+Matlab&aqs=chrome..69i57j33i10i22i29i30.1334j0j4&sourceid=chrome&ie=UTF-8
https://www.google.com/search?q=Key+Differences+Between+Octave+%26+Matlab&oq=Key+Differences+Between+Octave+%26+Matlab&aqs=chrome..69i57j33i10i22i29i30.1334j0j4&sourceid=chrome&ie=UTF-8
http://sourceforge.net/projects/octave/files/Octave%20Windows%20binaries/Octave%203.6.1%20for%20Windows%20MinGW%20installer/
https://www.google.com/search?q=GNU+Octave&aq=f&oq=GNU+Octave&sugexp=chrome,mod=0&sourceid=chrome&ie=UTF-8
http://www.youtube.com/results?search_query=GNU+octave&oq=GNU+octave&gs_l=youtube.3..0l2j0i5.18053.19469.0.20453.4.4.0.0.0.0.52.167.4.4.0...0.0...1ac.1.UrtIQXZNZoQ
https://www.google.com/search?q=signal+processing+octave&ie=utf-8&oe=utf-8&aq=t&rls=org.mozilla:en-US:unofficial&client=seamonkey-a
https://www.google.com/search?q=signal+processing+octave&ie=utf-8&oe=utf-8&aq=t&rls=org.mozilla:en-US:unofficial&client=seamonkey-a
http://wiki.octave.org/Octave_for_Windows
https://www.octave.org/
https://terpconnect.umd.edu/~toh/spectrum/TimeTrial.txt
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ÉƓƖĲċĬƚőĲĲƣШŸƖШ~ċƣũċĤоÂǃƣőŸŰеШ 
For signal processing, computer languages like Matlab/Octave or Python are faster and more powerful 

than using a spreadsheet, but it is likely that spreadsheets are more commonly installed on science 

workers' computers than Matlab, Octave or Python. For one thing, spreadsheets are easier to get started 

with, and they offer flexible presentation and user interface design. Spreadsheets are better for simple 

manual data entry. You can easily deploy them on portable devices such as smartphones and tablets 

(e.g. using Google Sheets, iCloud Numbers or the Excel app). Spreadsheets are concrete and more low-

level, showing every single value explicitly in a cell. In contrast, Matlab/Octave and Python are more 

high-level and abstract, because a single variable can be a number, a vector, or a matrix, and each 

punctuation or function can do so much. This is very powerful, but it is harder to master at first. In 

Matlab and Octave, functions and script files (ñm-filesò) are just plain text files with an ñ.mò extension 

(or ñ.pyò in the case of Python), so those files can be opened and inspected using any text editor, even 

on devices that do not have those programs installed, which facilitates the translation of its scripts and 

functions into other languages. In addition, user-defined functions can call other built-in or user-

defined functions, which in turn can call other functions, and so on, allowing you to build up very 

complex high-level functions in layers. Fortunately, Matlab and Python can easily analyze Excel ñ.xlsò 

and ñ.xlsxò files and import the rows and columns into vector/matrix variables.  
 

Using the analogy of electronic circuits, spreadsheets are like discrete component electronics, where 

every resistor, capacitor, inductor, and transistor is a discrete, macroscopic entity that you can see and 

manipulate directly. A function-based programming language like Matlab/Octave is more like micro-

electronics, where the functions (the "m-files" that begin with "function...") are the "chips", which 

condense complex operations into one package with documented inputs and outputs (the function's 

input and output arguments) that you can connect to other functions, but which hide the internal details 

(unless you care to look at the code, which you always can do). For example, the "555 timer" is an 8-

pin timer, pulse generator and oscillator chip introduced way back in 1972, which is still in use today 

and has become the most popular integrated circuit ever manufactured. Almost all electronics are now 

done with chips, because it is easier to understand the relatively small number of inputs and outputs of 

a chip than to deal with the greater number of internal components. Much of Matlab/Octave is written 

in Matlab/Octave itself, using more basic functions to build more complex ones. You can write new 

functions of your own that essentially extend the language in whatever direction you need (page 36). 

The bottom line is that spreadsheets are easier at first, but for more complex tasks, Python or 

Matlab/Octave/ is computationally faster, can handle much larger data sets, and can do more with less 

effort. This is demonstrated by the comparison of both platforms for multicomponent spectroscopy, 

covered on page 188 (RegressionDemo.xls versus the Matlab/Octave CLS.m). Even more dramatic are 

the different approaches to finding and measuring peaks in signals, which is covered in the section 

beginning on page 234 (i.e. a 250Kbyte spreadsheet versus a 7Kbyte Matlab script that does the same 

thing but is 50 times faster). If you have large quantities of data and you need to run it through a multi-

step customized process automatically, hands-off, and as quickly as possible, then Matlab/Python is a 

great way to go. Moreover, you can even write a script in Matlab that will automate the hands-off 

processing of volumes of data stored in separate data files on your computer, as shown by the example 

on page 345.  

https://www.apple.com/mac/numbers/
https://www.apple.com/mac/numbers/
https://itunes.apple.com/us/app/microsoft-excel-for-ipad/id586683407?mt=8
https://en.wikipedia.org/wiki/555_timer_IC
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingB.html#spreadsheets
https://terpconnect.umd.edu/~toh/spectrum/RegressionDemo.xls
https://terpconnect.umd.edu/~toh/spectrum/CLS.m
https://terpconnect.umd.edu/~toh/spectrum/PeakDetectionAndMeasurement.xls
https://terpconnect.umd.edu/~toh/spectrum/findpeaks.m
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Spreadsheets, Matlab/Octave, and Python programs have a huge advantage over commercial end-user 

programs and compiled freeware programs. You can inspect and modify them to customize the routines 

for specific needs. Simple changes are easy to make with little or no knowledge of programming. For 

example, you could easily change the labels, titles, colors, or line style of the graphs in Matlab or 

Octave programs for your own purposes: use Find... to search for "title(", "label(" or "plot(". My 

Matlab code contains comments that indicate places where you can make specific changes: search for 

the word ñchangeò. I invite you to modify my scripts and functions as you wish. The software license 

embedded in the comments of my Matlab/Octave code is very liberal.  
 

ÉŔŊŰċũƚШċŰĬШŰŸŔƚĲ 
Experimental measurements are never perfect, even with sophisticated modern instruments. Two main 

types of measurement errors are recognized: (a) systematic error, in which every measurement is 

consistently less than or greater than the correct value by a certain percentage or amount, and (b) 

random error, in which there are unpredictable variations in the measured signal from moment to 

moment or from measurement to measurement. This latter type of error is often called noise, by 

analogy to acoustic noise. There are many sources of noise in physical measurements, such as building 

vibrations, air currents, electric power fluctuations, stray radiation from nearby electrical equipment, 

static electricity, interference from radio and TV transmissions, turbulence in the flow of gases or 

liquids, random thermal motion of molecules, background radiation from natural radioactive elements, 

the basic quantum nature of matter and energy itself, digitization noise (the rounding of numbers to a 

fixed number of digits), and ñcosmic raysò from outer space (seriously). Then, of course, there is the 

ever-present "human error", which can be a major factor anytime humans are involved in operating, 

adjusting, recording, calibrating, or controlling instruments and in preparing samples for measurement. 

If random error is present, then a set of repeat measurements, ñdò (ñdò standing for data), will yield 

results that are not all the same but rather vary or scatter around some average value, which is the sum 

of the values divided by the number of data values in ñdò: sum(d)./length(d) or simply mean(d) in 

Matlab/Octave notation. The most common way to measure the amount of variation or dispersion of a 

set of data values is to compute the standard deviation, ñstdò, which is the square root of the sum of the 

squares of the deviations from the average divided by one less than the number of data points: 

sqrt(sum((d - mean(d)).^2)./ (length(d) - 1)) , in Matlab/Octave notation. These are most 

easily calculated by the built-in functions mean(d) and std(d), where d is the data vector. A basic fact of 

random variables is that when they combine, you must calculate the results statistically. For example, 

when two random variables are added, the standard deviation of the sum is the ñquadratic sumò (the 

square root of the sum of the squares) of the standard deviations of the individual variables. In Matlab, 

the function randn(1,n) returns n random numbers with a standard deviation of 1. Therefore: 

ÌÉÍ
ᴼ
ίὸὨὶὥὲὨὲρȟὲ ρ 

ÌÉÍ
ᴼ
ίὸὨὶὥὲὨὲρȟὲ ὶὥὲὨὲρȟὲ ίήὶὸς 

This is demonstrated by the series of Matlab/Octave commands at this link. Try it. 

https://terpconnect.umd.edu/~toh/spectrum/license.txt
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#Digitization
https://en.wikipedia.org/wiki/Average
https://en.wikipedia.org/wiki/Standard_deviation
https://terpconnect.umd.edu/~toh/spectrum/RandomNoisesAddQuadratically.txt
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The term ósignalô can have two meanings. In the more general sense, it can mean the entire data 

recording, including the noise and other artifacts, as in the expression ñraw signalò, before processing is 

applied. But it can also mean only the desirable or important part of the data, the true underlying signal 

that you seek to measure, as in the expression ñsignal-to-noise ratioò. A fundamental problem in signal 

measurement is distinguishing the true underlying signal from the noise. For example, suppose you 

want to measure the average of the signal over a certain time or the height of a peak or the area under a 

peak that occurs in the data. In the absorption spectrum in the right-hand half of the figure on page 14, 

the ñimportantò parts of the data are probably the absorption peaks located at 520 and 550 nm. The 

height or the position of either of those peaks might be considered the signal, depending on the appli-

cation. In this example, the height of the 

largest peak is about 0.08 absorbance 

units. But how to measure the noise? In 

the exceptional case that you have a 

physical system and a measuring 

instrument which are both completely 

stable (except for the random noise), an 

easy way to isolate and measure the noise 

is to record two signals m1 and m2 of the 

same physical system. If you subtract 

those two recordings, the signal part will 

be cancelled. Then the standard deviation 

of the noise in the original signals is given 

by sqrt((std(m1-m2)2)/2), where ñsqrtò is 

the square root and ñstdò is the standard 

deviation. (The derivation of this 

expression is based on the rules for 

mathematical error propagation and is worked out in 

https://terpconnect.umd.edu/~toh/spectrum/Derivation.txt). The Matlab/Octave script 

ñSubtractTwoMeasurements.mò demonstrates this process quantitatively and graphically above. 

But suppose that the measurements are not that reproducible or that you had only one recording of that 

spectrum and no other data. In that case, you could try to estimate the noise in that single recording, 

based on the assumption that the visible short-term fluctuations in the signal - the little random wiggles 

superimposed on the smooth signal - are noise and not part of the true underlying signal. That depends 

on some knowledge of the origin of the signal and the possible forms it might take. The examples in the 

previous section (page 14) are the optical absorption spectra of liquid solutions over the wavelength 

range of 450 nm to 700 nm. These solutions ordinarily exhibit broad smooth peaks with a width of the 

order of 10 to 100 nm, so those little wiggles must be noise. In this case, those fluctuations have a 

standard deviation of about 0.001. Often the best way to measure the noise is to locate a region of the 

signal on the baseline where the signal is flat and to compute the standard deviation in that region. This 

is easy to do with a computer if the signal is digitized.  

It is important to appreciate that the standard deviations calculated from a small set of measurements 

can be much higher or much lower than the actual standard deviate on of a larger number of 

https://terpconnect.umd.edu/~toh/spectrum/Derivation.txt
https://terpconnect.umd.edu/~toh/spectrum/Derivation.txt
https://terpconnect.umd.edu/~toh/spectrum/Derivation.txt
https://terpconnect.umd.edu/~toh/spectrum/SubtractTwoMeasurements.m
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measurements. For example, the Matlab/Octave function randn(1,n) , where n is an integer, returns 

n random numbers that have on average a mean of zero and a standard deviation of 1.00 if n is large. 

(In Python, the random function is np.random.rand(n) ). But if n is small, the standard deviations 

will be different each time you evaluate that function. For example, if n=5, the standard deviation 

std( randn(1,5) ) might vary randomly from 0.5 to 2 or even more. This is the Law of Large 

Numbers (page 361). It is the unavoidable nature of small sets of random numbers that their standard 

deviation is only a very rough approximation to the real underlying ñpopulationò standard deviation. 

A quick but approximate way to estimate the amplitude of noise visually is the peak-to-peak range, 

which is the difference between the highest and the lowest values in a region where the signal is flat. 

The peak-to-peak range of n=100 normally-distributed random numbers is about 5 times the standard 

deviation, as can be proved by running this line of Matlab/Octave code several times: n=100; 

rn=randn(1,n);(max(rn) - min(rn))/std(rn) .  For example, the data on the right half of the 

figure page 30 has a peak in the center with a height of about 1.3. The peak-to-peak noise on the 

baseline is also about 1.0, so the standard deviation of the noise is about 1/5th of that, or 0.2. However, 

that ratio varies with the logarithm of n and is closer to 3 when n = 10 and to 9 when n = 100000. In 

contrast, the standard deviation becomes closer and closer to the true value as n increases. It is better to 

compute the standard deviation if possible.  

In addition to the standard deviation, it is also possible (but not usual) to measure the mean absolute 

deviation ("mad"). The standard deviation is larger than the mean absolute deviation because the 

standard deviation weights the large deviation more heavily. For a normally-distributed random 

variable, the mean absolute deviation is on average 80% of the standard deviation: mad=0.8*std. 

The quality of a signal is often expressed quantitatively as the signal-to-noise ratio (S/N ratio or SNR), 

which is the ratio of the true underlying signal amplitude (e.g., the average amplitude or the peak 

height) to the standard deviation of the 

noise. Thus, the S/N ratio of the 

spectrum in the figure on page 14 is 

about 0.08/0.001 = 80, and the signal on 

page 30 has an S/N ratio of 1.0/0.2 = 5. 

So, you would say that the quality of the 

first one is better because it has a greater 

S/N ratio. Measuring the S/N ratio is 

much easier if the noise can be measured 

separately, in the absence of a signal. 

Depending on the type of experiment, it 

may be possible to acquire readings of 

the noise alone, for example on a 

segment of the baseline before or after 

the occurrence of the signal. However, if 

the magnitude of the noise depends on 

the level of the signal, then the 

experimenter must try to produce a 

https://en.wikipedia.org/wiki/Law_of_large_numbers
https://en.wikipedia.org/wiki/Law_of_large_numbers
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constant signal level to allow measurement of the noise on the signal. In some cases, you can use 

ñiterative curve fittingò (page 199) to model the signal accurately by means of a smooth mathematical 

function (such as a polynomial or the weighted sum of a number of simple peak shape functions). The 

noise can then be isolated by subtracting the model from the un-smoothed experimental signal. For 

example, the graph at the bottom of the previous page shows a real-data experimental signal (dark blue 

dots) whose noise is barely visible and that never goes all the way to the baseline (which would have 

allowed easy noise measurement). But the signal can be approximated by fitting a model (red line) 

consisting in this case of 5 overlapping Gaussian peak functions (page 201). The difference between 

the raw data and the best-fit model, shown in light blue, is the noise in the data, which in this case has a 

standard deviation of about 100, resulting in a signal-to-noise ratio of 400. Signal-to-noise ratios of 

scientific signals can sometimes be even higher. The UV detector used in liquid chromatography, can 

achieve S/N ratios approaching 10000, which allows using signal processing techniques that are very 

sensitive to noise, such as peak sharpening (page 79) and Fourier deconvolution (page 114).  

[ƖĲƕƨĲŰĦǃШĬŔƚƣƖŔĤƨƣŔŸŰШŸŉШƖċŰĬŸůШŰŸŔƚĲШ 
Sometimes the signal and the noise can be partly distinguished based on frequency components: for 

example, the signal may contain mostly low-frequency components and the noise may be located at 

higher frequencies or spread out over a much wider frequency range. This is the basis of filtering and 

smoothing (page 40). In the figures above, the peak itself contains mostly low-frequency components, 

whereas the noise is (apparently) random and distributed over a much wider frequency range. The 

frequency of noise is characterized by its frequency spectrum, often described in terms of noise color. 

White noise is random and has equal power 

over the range of frequencies. It derives its 

name from white light, which has equal 

brightness at all wavelengths in the visible 

region. The noise in the previous example 

signals and in the left half of the figure on 

the right is white. In the acoustical domain, 

white noise sounds like a hiss. In 

measurement science, white noise is very common. For example, quantization noise, Johnson-Nyquist 

(thermal) noise, photon noise, and the noise made by single-point spikes all have white frequency 

distributions, and all have in common their origin in discrete quantized instantaneous events, such as 

the flow of individual electrons or photons.  

A noise that has a more low-frequency character, that is, that has more power at low frequencies than at 

high frequencies, is often called "pink 

noise". In the acoustical domain, pink noise 

sounds more like a roar. (A commonly-

encountered sub-species of pink noise is 

"1/f noise", where the noise power is 

inversely proportional to frequency, 

illustrated in the upper right quadrant of the 

figure on the right). Pink noise is more 

https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html
https://terpconnect.umd.edu/~toh/spectrum/HarmonicAnalysis.html
https://terpconnect.umd.edu/~toh/spectrum/FourierFilter.html
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
http://en.wikipedia.org/wiki/Frequency_spectrum
http://en.wikipedia.org/wiki/Colors_of_noise
http://en.wikipedia.org/wiki/White_noise
https://terpconnect.umd.edu/~toh/spectrum/WhiteNoiseSpectrum.png
https://terpconnect.umd.edu/~toh/spectrum/WhiteNoiseSpectrum.png
http://en.wikipedia.org/wiki/Johnson–Nyquist_noise
http://en.wikipedia.org/wiki/Photon_noise
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#G
http://en.wikipedia.org/wiki/Pink_noise
http://en.wikipedia.org/wiki/Pink_noise
https://www.google.com/search?ix=aca&sourceid=chrome&ie=UTF-8&q=1%2Ff+noise
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troublesome that white noise because a given standard deviation of pink noise has a greater effect on 

the accuracy of most measurements than the same standard deviation of white noise (as demonstrated 

by the Matlab/Octave function noisetest.m, which generated the figure on the right). Moreover, the 

application of smoothing and low-pass filtering (page 40) to reduce noise is more effective for white 

noise than for pink noise. When pink noise is present, it is sometimes beneficial to apply modulation 

techniques, for example, optical chopping or wavelength modulation in optical measurements, to 

convert direct-current (DC) signals into alternating current (AC) signals, thereby increasing the 

frequency of the signal to a frequency region where the noise is lower. In such cases, it is common to 

use a lock-in amplifier, or the digital equivalent thereof, to measure the amplitude of the signal. 

Another type of low-frequency weighted noise is Brownian noise, named after the botanist Robert 

Brown. It is also called "red noise"  (by analogy to pink noise) or "random walk", which has a noise 

power that is inversely proportional to the square of frequency. This type of noise can occur in 

experimental signals and can seriously interfere with accurate signal measurements. See page 318: 

Random walks and baseline correction.  

Conversely, noise that has more power at high frequencies is called ñblueò noise. This type of noise is 

less commonly encountered in experimental work, but it can occur in processed signals that have been 

subject to some sort of differentiation process (page 63) or that have been deconvoluted from some 

blurring or broadening process (page 114). Blue noise is easier to reduce by smoothing (page 27), and 

it has less effect on least-squares fits than the equivalent amount of white noise.  

?ĲƣĲĦƣŔŸŰШũŔůŔƣ 
The "detection limit" is defined as the 

smallest signal that you can reliably 

detect in the presence of noise. In 

quantitative chemical analysis, it is 

usually defined as the concentration 

that produces the smallest detectable 

signal (Reference 92). A signal that is 

below the detection limit cannot be 

reliably detected. That is, if the 

measurement is repeated, the signal 

will often be "lost in the noise" and 

reported as zero. A signal above the 

detection limit will be reliably detected 

and will seldom or never be reported as 

zero. The most common value of 

signal-to-noise ratio for reliable 

detection is 3. This is illustrated in the figure on the left (created by the Matlab/ Octave script 

SNRdemo.m). This figure shows a noisy signal in the form of a rectangular pulse. I define the "signal" 

as the average signal magnitude during the pulse, indicated by the red line, which is about 3. I define 

the "noise" as the standard deviation of the random noise on the baseline before and after the pulse, 

which is about 1.0, roughly 1/5 of the peak-to-peak baseline noise (black lines). Therefore, the signal-

https://terpconnect.umd.edu/~toh/spectrum/noisetest.m
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/FourierFilter.html
http://en.wikipedia.org/wiki/Optical_chopper
https://www.google.com/search?aq=f&ix=aca&sourceid=chrome&ie=UTF-8&q=wavelength+modulation
http://terpconnect.umd.edu/~toh/models/lockin.html
https://en.wikipedia.org/wiki/Brownian_motion
https://en.wikipedia.org/wiki/Random_walk
https://terpconnect.umd.edu/~toh/spectrum/RandomWalkFrequencySpectrum.png
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#RandomWalk
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#RandomWalk
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#RandomWalk
http://www.livescience.com/38583-what-is-blue-noise.html
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://terpconnect.umd.edu/~toh/spectrum/Deconvolution.html
https://terpconnect.umd.edu/~toh/spectrum/SNRdemo.m
https://terpconnect.umd.edu/~toh/spectrum/SNRdemo.m
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to-noise ratio (SNR) in this case is about 3, which is a common definition of SNR at the detection limit. 

This means that signals lower than this should be reported as "undetectable".  
 

But there is a problem. The signal here is clearly detectable by eye. In fact, it should be possible to 

visually detect lower signals than this. How can this be? The answer is "averaging". When you look at 

this signal, you are unconsciously estimating the average of the data points on the signal pulse and on 

the baseline, and your detection ability is enhanced by this visual averaging. Without that averaging, 

looking only at individual data points in the signal, only about half those individual points would meet 

the SNR=3 criterion. You can see in the graphic above that several points on the signal peak are lower 

than some of the higher data points on the baseline. But this is not a problem in practice, because any 

properly written software will include averaging that duplicates the visual averaging that we all do. 
 

In the script SNRdemo.m, the number of points averaged is controlled by the variable "AveragePoints" 

in line 7. If you set that to 5, the result (shown below on the left) shows that all the signal points (each 

of which is now the average of 5 raw data points) are above the highest baseline points. This graphic 

more closely represents how you judge a 

signal like that in the previous graphic, 

which has a clear separation of signal 

and baseline. The SNR of the peak has 

improved from 3.1 to 7.7 and the 

detection limit will be correspondingly 

reduced. As a rule of thumb, for the most 

common type of random noise, the noise 

decreases by roughly the square root of 

the number of points averaged (in this 

case, sqrt(5)=2.2). Higher values will 

further improve the SNR and reduce the 

relative standard deviation of the average 

signal, but the response time ï which is 

the time it takes for the signal to reach 

the average value - will become slower 

and slower as the number of points averaged increases. This is shown by another graphic, with 100 

points averaged. With a much lower signal equal to 1.0, the raw signal is not reliably detectable 

visually, but with a 100 point average, the signal precision is good. Digital averaging beats visual 

averaging in this case. Similar behavior would be observed if the signal were a rounded peak rather 

than a rectangle. 
 

In SNRdemo.m, the noise is constant and independent of the signal amplitude, which is often the case. 

In the variant SNRdemoHetero.m, the noise in the signal is directly proportional to the signal level or 

to its square root, and as a result the detection limit depends on the constant baseline noise (graphic). 

See page 28. In the variant SNRdemoArea.m, it is the peak area that is measured rather than the peak 

height, which results in the SNR being improved by the square root of the width of the peak (graphic). 
 

An example of a practical application of a signal like that illustrated in the figures above would be to 

https://terpconnect.umd.edu/~toh/spectrum/SNRdemo.m
https://terpconnect.umd.edu/~toh/spectrum/RectSNR100pnts.png
https://terpconnect.umd.edu/~toh/spectrum/RectSNR100pnts.png
https://terpconnect.umd.edu/~toh/spectrum/RectSNR1.png
https://terpconnect.umd.edu/~toh/spectrum/RectSNR1.png
https://terpconnect.umd.edu/~toh/spectrum/RectSNR1avg100.png
https://terpconnect.umd.edu/~toh/spectrum/SNRdemo.m
https://terpconnect.umd.edu/~toh/spectrum/SNRdemoHetero.m
https://terpconnect.umd.edu/~toh/spectrum/RectSNRhetero.png
https://terpconnect.umd.edu/~toh/spectrum/SNRdemoArea.m
https://terpconnect.umd.edu/~toh/spectrum/RectSNRarea.png
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turn on a warning light or buzzer if the signal ever exceeds a threshold value of 1.5. This would not 

work if you used the raw unaveraged signal on the previous page. There is no threshold value that 

would never be exceeded by the baseline but always exceeded by the signal. Only the averaged signal 

would reliably turn on the alarm above the threshold of 1.5 and never activate it below 1.5. 

You will also hear the term ñLimit of determinationò, which is the lowest signal or concentration that 

achieves a minimum acceptable precision, defined as the relative standard deviation of the signal 

amplitude. The limit of determination is defined at a much higher signal-to-noise ratio, say 10 or 20, 

depending on the requirements of your applications. Averaging such as done here is the simplest form 

of ñsmoothingò, which is covered in the next chapter (page 42). 

EŰƚĲůĤũĲШċƻĲƖċŊŔŰŊ 
One key thing that really distinguishes signal from noise is that random noise is not the same from one 

measurement of the signal to the next, whereas the genuine signal is (ideally) reproducible. So, if the 

signal can be measured more than once, use can be made of this fact by measuring the signal 

repeatedly, as fast as is practical, and adding up all the measurements point-by-point, then dividing by 

the number of signals averaged. This is called ensemble averaging, and it is one of the most powerful 

methods for improving signals, when it can be applied. For this to work properly, the noise must be 

random, and the signal must occur at the same time in each repeat. Look at the example in this figure.  

 

Window 1 (left) is a single measurement of a very noisy signal. There is a broad peak near the center of 

this signal, but it is difficult to measure its position, width, and height accurately because the S/N ratio 

is very poor. Window 2 (right) is the average of 9 repeated measurements of this signal, clearly 

showing the peak emerging from the noise. The expected improvement in S/N ratio is 3 (the square root 

of 9). Often it is possible to average hundreds of measurements, resulting in much more substantial 

improvement. The S/N ratio in the resulting average signal in this example is about 5. 

The Matlab/Octave script EnsembleAverageDemo.m demonstrates the technique graphically for an 

ensemble of 500 signals. (If you are reading this online, click for graphic). Other examples are shown 

in the video animation at these links, EnsembleAverage1.wmv or EnsembleAverageDemo.gif, which 

shows the ensemble averaging of 1000 repeats of a signal, improving the S/N ratio by about 30 times. 

You can also reduce digitization noise by ensemble averaging, but only if small amounts of random 

noise are present in, or added to, the signal. See page 308. 

Visual animation of ensemble averaging. This crude 17-second video (EnsembleAverage1.wmv) 

demonstrates the ensemble averaging of 1000 repeats of a signal with a very poor S/N ratio. The signal 

itself consists of three peaks located at x = 50, 100, and 150, with peak heights 1, 2, and 3 units. These 

https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverageDemo.m
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverageDemo.png
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverage1.wmv
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverageDemo.gif
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverage1.wmv
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signal peaks are buried in random noise whose standard deviation is 10. Thus, the S/N ratio of the 

smallest peaks is 0.1, which is far too low to even see a signal, much less measure it. The video shows 

the accumulating average signal as 1000 measurements of the signal are performed. At the end of the 

run, the noise is reduced (on average) by the square root of 1000 (about 32), so that the S/N ratio of the 

smallest peaks ends up being about 3, just enough to detect the presence of a peak reliably. If you are 

reading this online, click here to download a brief video (2 MByte) in WMV format.  

?ĲƓĲŰĬĲŰĦĲШŸŰШƚŔŊŰċũШċůƓũŔƣƨĬĲ 
Noise can also be characterized by the way it varies with the signal amplitude. Constant ñbackgroundò 

noise is independent of the signal amplitude. Or the noise may increase with signal amplitude, which is 

a behavior that is often observed in emission spectroscopy, mass spectroscopy and in the frequency 

spectra of signals. The technical names for these two types of behaviors are homoscedastic and 

heteroscedastic, respectively. 

One way to observe this is to 

select a segment of signal 

over which the signal 

amplitude varies widely, fit 

the signal to a polynomial or 

to a multiple peak model 

(page 204), and observe how 

the residuals vary with signal 

amplitude. The experimental 

signal shown on the left, in 

the top panel, shows little visible noise. The difference between that signal (the dark blue dots) and the 

best-fit model (the red line) from a least-squares curve-fitting operation (page 199) is shown in the 

bottom panel, leaving the noise easily visible (red dots). Clearly, the noise increases with signal 

amplitude in this case. In other cases, the noise might increase with the square root of the signal, or it 

might be independent of the signal amplitude as in the example on page 26. 

Often, there is a mix of noises with different behaviors. In optical spectroscopy, three fundamental 

types of noise are recognized, based on their origin and on how they vary with light intensity: photon 

noise, detector noise, and flicker (fluctuation) noise. Photon noise (often the limiting noise in 

instruments that use photomultiplier detectors) is white and is proportional to the square root of light 

intensity. Detector noise (often the limiting noise in instruments that use solid-state photodiode 

detectors) is independent of the light intensity and therefore the detector SNR is directly proportional to 

the light intensity. Flicker noise, caused by light source instability, vibration, sample cell positioning 

errors, sample turbulence, light scattering by suspended particles, dust, bubbles, etc., is directly 

proportional to the light intensity (and is usually pink rather than white), so the flicker S/N ratio is not 

decreased by increasing the light intensity. In practice, the total noise observed is likely to be some 

contribution of all three types of amplitude dependence, as well as a mixture of white and pink noises.  
 

Only in a very few special cases is it possible to eliminate noise completely, so usually, you must be 

satisfied by increasing the S/N ratio as much as possible. The key in any experimental system is to 

understand the possible sources of noise, break down the system into its parts and measure the noise 

https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverage1.wmv
https://www.chem.agilent.com/Library/technicaloverviews/Public/5990-7651EN.pdf
http://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#F
http://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#F
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html
http://www.agilent.com/labs/features/2011_101_spectroscopy.pdf
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generated by each part separately, then seek to reduce or compensate for as much of each noise source 

as possible. For example, in optical spectroscopy, source flicker noise can often be reduced or 

eliminated by using in feedback stabilization, choosing a better light source, using an internal standard, 

or specialized instrument designs such as double-beam, dual-wavelength, derivative, and wavelength 

modulation (page 320). The effect of photon noise and detector noise can be reduced by increasing the 

light intensity at the detector, and electronic noise can sometimes be reduced by cooling or upgrading 

the detector and/or electronics. Fixed pattern noise in array detectors can be corrected in software. 

Photon noise can be predicted from first principles, as is done in these spreadsheets that simulate the 

photon noise limited signal-to-noise behavior of ultraviolet-visible spectrophotometry, fluorescence 

spectroscopy, and atomic emission spectroscopy.  

ÑőĲШƓƖŸĤċĤŔũŔƣǃрĬŔƚƣƖŔĤƨƣŔŸŰШŸŉШƖċŰĬŸůШŰŸŔƚĲШ 
Another property that distinguishes random noise is its probability distribution, the function that 

describes the probability of a random variable falling within a certain range of values. In physical 

measurements, the most common distribution is called a normal curve (also called as a ñbellò or 

ñhaystackò curve) and is described by a Gaussian function, y=e^(-(x-mu)^2 / (2*sigma^2)) / 

(sqrt(2*mu)*sigma), where mu is the mean (average) value and sigma (ů) is the standard deviation. In 

this distribution, the most common noise errors are small (that is, close to the mean) and the errors 

become less common the greater their deviation from the mean. So why is this distribution so 

common? The noise observed in physical measurements is often the balanced sum of many unobserved 

random events, each of which has some unknown probability distribution related to, for example, the 

kinetic properties of gases or liquids or to the quantum mechanical behavior of fundamental particles 

such as photons or electrons. But when many such events combine to form the overall variability of an 

observed quantity, the resulting probability distribution is almost always normal, that is, described by a 

Gaussian function. This common observation is summed up in the Central Limit Theorem. 
 

A simulation can demonstrate how this behavior 

arises naturally. In the example on the left, you 

start with a set of 100,000 uniformly distributed 

random numbers that have an equal chance of 

having any value between certain limits - 

between 0 and +1 in this case (like the "rand" 

function in most spreadsheets and in Matlab/ 

Octave). The graph in the upper left of the 

figure shows the probability distribution, called 

a ñhistogramò, of that random variable, which 

divides the 100,000 numbers into 50 equally-

spaced ñbinsò of about 2000 numbers each. 

Next, you combine two such sets of independent, uniformly distributed random variables (subtracting 

them so that the average is centered at zero). The result (shown in the graph in the upper right in the 

figure) has a triangular distribution between -1 and +1, with the highest point at zero. Thatôs because 

there are many ways for the difference between two random numbers to be small, but only one way for 

the difference to be 1 or to -1 (that happens only if one number is exactly zero and the other is exactly 
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http://en.wikipedia.org/wiki/Internal_standard
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1or -1). Next, if you combine four independent random variables (lower left),the resulting distribution 

now has a total range of -2 to +2, but it is even less likely that the result be near 2 or -2 and many more 

ways for the result to be small, so the distribution is narrower and more rounded, and is already starting 

to look like a normal Gaussian distribution (generated by using the ñrandnò function and shown for 

reference in the lower right). If you combine ever more independent uniform random variables, the 

combined probability distribution becomes closer and closer to the Gaussian, shown for comparison in 

the bottom right. The important point is that the emerging Gaussian distribution that you observe here 

is not forced by prior assumption; rather, it arises naturally. (You can download a Matlab script for this 

simulation from http://terpconnect.umd.edu/~toh/spectrum/CentralLimitDemo.m).  

Remarkably, the distribution of individual events hardly matters at all. You could modify the individual 

distributions in this simulation by substituting the rand function by modified versions such as 

sqrt(rand), sin(rand), rand^2, log(rand), etc., to obtain other radically non-normal individual 

distributions. But it seems that no matter what the distribution of the single random variable might be, 

by the time you combine even as few as four of them, the resulting distribution is already visually close 

to normal. Real-world macroscopic observations in science are usually the result of millions or billions 

of individual microscopic events, so whatever the probability distributions of the individual events, the 

combined macroscopic observations often approach a normal distribution nearly perfectly. It is on this 

common adherence to normal distributions that the common statistical procedures are based. The use of 

the mean, standard deviation ů, least-squares fits, confidence intervals, etc., are all based on the 

assumption of a normal distribution. But itôs usually a very good assumption. 
 

Even so, experimental errors and noise are not always normal. Sometimes there are very large errors 

that fall well beyond the ñnormalò range. They are called ñoutliersò, and they can have a very large 

effect on the standard deviation. In such cases, you can calculate the ñinterquartile rangeò (IQR), 

defined as the difference between the upper and lower quartiles (i.e. prctile(n,75) - prctile(n,25) ), 

instead of the standard deviation, because the interquartile range is not affected by a few outliers. For a 

normal distribution, the interquartile range is equal to 1.34896 times the standard deviation. A quick 

way to check the distribution of a large set of random numbers is to compute both the standard 

deviation and the interquartile range. If their ratio is roughly 1.35, the distribution is probably normal. 

If the standard deviation is much larger, the data set probably contains outliers and the standard 

deviation without the outliers can be better estimated by dividing the interquartile range by 1.34896.  

The importance of the normal distribution is that if you know the standard deviation of some 

measured value, then you can predict the likelihood that your measurement might be in error by a 

certain amount. About 68% of values drawn from a normal distribution are within one ů away from the 

mean. 95% of the values lie within 2ů, and 99.7% are within 3ů. This is known as the 3-sigma rule. But 

the real practical problem is this: standard deviations are hard to measure accurately unless you have 

large numbers of samples. See ñThe Law of Large Numbersò (page 361). Note: the standard deviation 

is usually given the symbol ñůò, called ñsigmaò. 
 

The three characteristics of noise discussed in the paragraphs above - the frequency distribution, the 

amplitude distribution, and the signal dependence - are mutually independent. Noise may in principle 

have any combination of those properties. 

https://terpconnect.umd.edu/~toh/spectrum/CentralLimitDemo.m
http://en.wikipedia.org/wiki/Mean
http://en.wikipedia.org/wiki/Standard_deviation
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http://en.wikipedia.org/wiki/Confidence_limits
https://en.wikipedia.org/wiki/Interquartile_range
https://en.wikipedia.org/wiki/Normal_distribution#Standard_deviation_and_coverage


Page | 34  

ÅĲƓƖĲƚĲŰƣŔŰŊШƖċŰĬŸůШŰŸŔƚĲШŔŰШÉƓƖĲċĬƚőĲĲƣƚ 
Popular spreadsheets, such as Excel or Open Office Calc, have built-in functions that can be used for 

calculating, measuring and plotting signals and noise. For example, the cell formula for one point on a 

Gaussian peak is amplitude*EXP( - 1*((x - position)/(0.60056120439323*width))^2) , 

where 'amplitude' is the maximum peak height, 'position' is the location of the maximum on the x-axis, 

'width' is the full width at half-maximum (FWHM) of the peak (which is equal to sigma times 2.355), 

and 'x' is the value of the independent variable at that point. The cell formula for a Lorentzian peak is 

amplitude/(1+((x - position)/(0.5*width))^2) . Other useful functions include AVERAGE, 

MAX, MIN, STDEV, VAR, RAND, and QUARTILE. Most spreadsheets have only a uniformly-

distributed random number function (RAND) and not a normally-distributed random number function, 

but it is much more realistic to simulate errors that are normally-distributed. But donôt worry, you can 

use the Central Limit Theorem to create approximately normally-distributed random numbers by 

combining several RAND functions, For example, the odd-looking expression SQRT(3)*(RAND()-

RAND()+RAND()-RAND()) creates nearly normal random numbers with a mean of zero, a standard 

deviation very close to 1, and a maximum range of Ñ4. I use this trick in spreadsheet models that 

simulate the operation of analytical instruments. (The expression SQRT(2)*(  RAND( ) -

RAND()+ RAND() -RAND()+ RAND() -RAND( ))  works similarly but has a larger maximum 

range). To create random numbers with a standard deviation other than 1, simply multiply by that 

number. To create random numbers with an average other than zero, simply add that number.  

The interquartile range (IQR) can be calculated in a spreadsheet by subtracting the third quartile from 

the first (e.g., QUARTILE(B7: B504,3) - QUARTILE(B7: B504,1)).  

The spreadsheets RandomNumbers.xls, for Excel, and RandomNumbers.ods, for OpenOffice, (screen 

image below), and the Matlab/Octave script RANDtoRANDN.m, all demonstrate these facts. The same 

technique is used in the spreadsheet SimulatedSignal6Gaussian.xlsx, which computes and plots a 

simulated signal consisting of up to 6 overlapping Gaussian bands plus random white noise.  

 

http://www.microsoftstore.com/store/msstore/pd/Excel-Home-and-Student-2010/productID.216446900/vip.true
http://www.microsoftstore.com/store/msstore/pd/Excel-Home-and-Student-2010/productID.216446900/vip.true
http://en.wikipedia.org/wiki/OpenOffice.org_Calc
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#PDF
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https://terpconnect.umd.edu/~toh/spectrum/RandomNumbers.ods
https://terpconnect.umd.edu/~toh/spectrum/RandomNumbers.png
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https://terpconnect.umd.edu/~toh/spectrum/SimulatedSignal6Gaussian.xlsx
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ÅċŰĬŸůШŉƨŰĦƣŔŸŰƚШŔŰШ~ċƣũċĤШċŰĬШÂǃƣőŸŰ 
Matlab and Octave have built-in functions that can be used for calculating, measuring and plotting 

signals and noise, including mean, max, min, std, kurtosis, skewness, plot, histogram, rand, and randn. 

Just type "help" and the function name at the command prompt, e.g., "help mean". Most of these 

functions apply to vectors and matrices as well as scalar variables. For example, if you have a series of 

results in a vector variable 'y', mean(y)  returns the average and std(y)  returns the standard 

deviation of all the values in y. For vectors, std computes sqrt(mean(y.^2)) . You can subtract 

a scalar number from a vector (for example, v  = v - min( v ) sets the lowest value of vector v to 

zero). If you have a set of signals in the rows of a matrix S, where each column represents the value of 

each signal at the same value of the independent variable (e.g., time), you can compute the ensemble 

average of those signals just by typing 

"mean( S)", which computes the mean of 

each column of S. Note that function and 

variable names are case-sensitive. (You can 

open the code for any function by selecting 

its name and selecting ñopen..ò). 

The "randn" function in Matlab/Octave 

generates normally-distributed random 

numbers with a mean of zero and a standard 

deviation of 1: e.g., randn(1,100) returns a 

vector of 100 such numbers. (In Python, 

after importing ñnumpyò as ñnpò, the syntax 

is similar: np.random.randn(100) ).  

In the following example, ñrandò is used to 

generate 100 random numbers, then Matlabôs "histogram" function computes the histogram 

(probability distribution) of those random numbers, then my peakfit.m function (page 396, download 

link) fits a Gaussian function (plotted with a red line) to that distribution.  

   [N,X]=  histogram (randn(size(1:100)));  

   peakfit([X;N]) ;  

If you change the 100 here to 1000 or to an even higher number, the distribution of those numbers 

becomes closer and closer to a perfect Gaussian and its peak falls closer to 0.00. Here is an MP4 

animation that demonstrates the gradual emergence of a Gaussian normal distribution as the number of 

ñrandnò samples increases from 2 to 1000. Note how many samples it takes before the normal 

distribution is well-formed. The "randn" function is useful in signal processing for predicting the 

uncertainty of measurements in the presence of random noise, for example by using the Monte Carlo or 

the bootstrap methods that will be described in a later section (pages 169, 170). (Note: In the PDF 

version of this book, you can select, copy, and paste, or select, drag, and drop, any of the single-line or 

multi-line code examples into the Matlab or Octave editor or directly into the command line and press 

Enter to execute it immediately.  
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ÑőĲШĬŔŉŉĲƖĲŰĦĲШĤĲƣƽĲĲŰШƚĦƖŔƓƣƚШċŰĬШŉƨŰĦƣŔŸŰƚ 
If you find that you are writing the same series of commands repeatedly, consider writing a script or a 

function that will save your code to the computer so you can use it again easily without the danger of 

typographical errors or clumsy copying and pasting. It is extremely handy to create your own user-

defined scripts and functions in Matlab or Python to automate commonly used algorithms.  

In Matlab, scripts and functions are just simple text files saved with the ".m" file. The difference 

between a script and a function is that a function definition begins with the word 'function'. A script is 

just any list of Matlab commands and statements. For a script, all the variables defined and used are 

listed in the workspace window and shared with other scripts. For a function, on the other hand, the 

variables are internal and private to that function. Values can be passed to the function through the 

input variables (called ñargumentsò), and values can be passed from the function through the output 

variables, which are both defined in the first line of the function definition.  

[output variables] = FunctionName(input variables)  

That means that functions are a great way to package chunks of code that perform useful operations in 

a form that can be used as components in other scripts and functions without worrying that the internal 

variable names within the function will conflict and cause errors. When you write a function, you can 

save it to the computer, and it can be used just like the built-in functions that came with Matlab. Or you 

can upload it to your Matlab account, where it can be used on a tablet or smartphone. Here is a very 

simple example: a function that calculates the relative standard deviation of a vector x, rsd.m: 

function relstddev=rsd(x)  

   relstddev=std(x)./mean(x);  

In Python, the same function would be coded like so: 
 

def rsd(x):  

    return np.std(x)/np.mean(x)  
 

(The indentation is critical in Python. Itôs not required in Matlab but is nevertheless recommended for 

clarity when reading code). Scripts and functions can call other functions. In older versions of Matlab, 

scripts must have those functions stored in the Matlab search path. Functions, on the other hand, can 

have their required sub-functions defined within the main function itself and thus can be self-contained. 

If you write a script or function that calls one or more of your custom functions, and  you send it to 

someone else, be sure to include all the custom functions that it calls. (It is best to make all your 

functions self-contained with all required sub-functions included). If one of my scripts gives an error 

message that says, "Undefined function... ", you need to download the specified function from 

http://tinyurl.com/cey8rwh and place it in the Matlab/Octave search path. Note: in Matlab R2016b or 

later, you CAN include functions within scripts. Just place them at the end of the script and add an 

additional ñendò statement to each function added. See 

https://www.mathworks.com/help/matlab/matlab_prog/local-functions-in-scripts.html.  

To get an explanation of a function, type ñhelp FunctionNameò at the command prompt, where 

FunctionName is the name of the function, or, in Python, ñhelp(FunctionName)ò. For writing or editing 

scripts and functions, Matlab, the latest version of Octave, and Python/Spyder all have internal editors. 

When you are writing your own functions or scripts, you should always add lots of "comment lines", 

http://www.ugrad.cs.ubc.ca/~cs302/MatlabGuide/node11.html
http://www.ugrad.cs.ubc.ca/~cs302/MatlabGuide/node11.html
https://terpconnect.umd.edu/~toh/spectrum/rsd.m
https://www.mathworks.com/help/matlab/matlab_env/what-is-the-matlab-search-path.html
http://tinyurl.com/cey8rwh
https://www.mathworks.com/help/matlab/matlab_env/what-is-the-matlab-search-path.html
https://www.mathworks.com/help/matlab/matlab_prog/local-functions-in-scripts.html
https://www.gnu.org/software/octave/news/release/2021/10/30/octave-6.4.0-released.html
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beginning with the character % (or # in Python) that explains what is going on. You will be glad you 

did later. The first group of comment lines, up to the first blank line that does not begin with a %, are 

used as the "help file" for that script or function. Typing ñhelp FunctionNameò displays those comment 

lines for that function or script in the command window, just as it does for the built-in functions and 

scripts. Itôs also a great idea to add one or more examples of operations that users can copy and paste 

into the command line. This will make your scripts and functions much easier to understand and use, 

both by other people and by yourself in the future. Resist the temptation to skip this. As you develop 

custom functions for your own work, you will be developing a ñtoolkitò that will become very useful to 

your co-workers, or even to yourself in the future, if you use comments liberally. I say this from 

personal experience. (I did not always follow my own advice).  

Matlab has a very handy helper for functions: when you type a function name into the Matlab editor, if 

you pause for a moment after typing the open parenthesis immediately after the function name, Matlab 

will display a pop-up listing all the possible input variables as a reminder. This works even for 

downloaded functions and for any new functions that you yourself create! It is especially handy when 

the function has so many possible input variables that it is hard to remember all of them. The popup 

stays on the screen as you type, highlighting each variable in turn, to remind you where you are: 

 

This feature is easily overlooked, but it is very handy. Clicking on the little ñMore Help...ò link on the 

right displays the help for that function in a separate window. Note: Octave does not have this feature. 

fŰƣĲƖċĦƣŔƻĲШĲŰƻŔƖŸŰůĲŰƣƚаШxŔƻĲШƚĦƖŔƓƣƚ 
Matlab, Python and Mathematica all have interactive alternatives to conventional scripts. Live Scripts 

in Matlab are interactive documents that combine code, output, formatted text, and interactive 

controllers in a single environment called the Live Editor. (Live Scripts were available in MATLAB 

R2016b and later). See page 368. Python has Jupyter Notebooks which are used to create an interactive 

narrative around your code. Mathematica (page 462) has built-in interactivity using the manipulate 

function. These make it easy to create sharable interactive documents with graphical user interface 

devices such as pull-down menus, check boxes, and sliders to adjust numerical values interactively. In 

Matlab, you can simply open a conventional (.m) script in the Live Editor and insert the interface 

devices directly into the script where the numbers in assignment statements would have gone. When 

you save it, it becomes an .mlx file.  

Live scripts make it especially easy for Matlab users to create custom tools for interactive exploration. 

An example of a portion of a Live Script is shown on the next page. This example shows four types of 

interactive controllers. Line 1 shows a button that opens a file browser that allows you to navigate to a 

specific file, in this case a data file that you want to process. Lines 5 and 6 show checkboxes, which are 

used to enable or disable optional sections of code. Several lines show numeric sliders, which are used 

to control continuous variables. Line 17 shows a drop-down menu that allows multiple choices, shown 

pulled down in the screenshot below.   

https://www.mathworks.com/help/matlab/matlab_prog/what-is-a-live-script-or-function.html
https://jupyter.org/
https://terpconnect.umd.edu/~toh/spectrum/DenomAddDemoLiveScript.png
https://terpconnect.umd.edu/~toh/spectrum/DenomAddDemoLiveScript.png
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Live Scripts produce graphic output in small windows on the right side of the Live editor window, 

where you can copy, pan and zoom and export to png files as usual using the mouse. You can also 

convert any Live Script graphic into a standard figure window (by clicking its upper right corner), 

which can then be exported to other graphic formats, expanded to full screen, printed, etc.  

Other examples of Live Scripts include the versatile data smoothing tool shown on page 59, a tool for 

differentiation (page 78), the self-deconvolution script shown above (page 126) and a peak detection 

tool (page 253). These Live scripts are surprisingly easy to create within the Matlab environment by 

modifying a conventional script and a peak fitting tool on page 440. See page 368 for more details 

about developing Matlab Live Scripts and Apps. See page 370 for a table listing of Live Script tools 

and their corresponding keypress-driven functions.  
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ÖƚĲƖрĬĲŉŔŰĲĬШŉƨŰĦƣŔŸŰƚШƖĲũċƣĲĬШƣŸШƚŔŊŰċũƚШċŰĬШŰŸŔƚĲЮ 
Here are some examples of user-defined functions that I have created for my signal processing toolkit. 

These are not built-in functions. You must download them and put them in the Matlab path to use them. 

Data plotting: plotit.m, an easy-to-use function for plotting and fitting x,y data in matrices or in 

separate vectors. For handling very large signals more easily, plotxrange.m ([xx,yy,irange] 

= plotxrange(x,y,x1,x2 )) extracts and plots values of vectors x,y only for x values 

between specified values of x. Segplot.m ([s,xx,yy] = segplot(x,y,NumSegs,seg )) 

divides signals into "NumSegs" equal-length segments and plots segments marked by vertical 

lines, each labeled with a small segment number at the bottom, and returns a vector 's' of 

segment indexes and the subset xx,yy, of values in the segment number 'seg'. 

Peak shapes. The code examples in this book often uses Gaussian peaks, but you can exchange 

that for any other shape. Here are links to several Matlab functions for peak shapes commonly 

encountered in science: Gaussian, Lorentzian, lognormal, Pearson 5, exponentially-broadened 

Gaussian, exponentially-broadened Lorentzian, exponential pulse, sech2, sigmoid, 

Gaussian/Lorentzian blend, bifurcated Gaussian, bifurcated Lorentzian), Voigt profile, 

triangular. See page 479 and the following for a more complete list. The self-contained script 

Sech2ShapeComparison.m compares Gaussian, Lorentzian, and sech2 pulse shapes, showing 

the sech2 pulse in intermediate between Gaussian and Lorentzian (graphic). 

peakfunction.m, a function that generates any of those peak types specified by number.  

ShapeDemo demonstrates the 16 basic peak shapes graphically, showing the variable-shape 

peaks as multiple lines. (Graphic on page 424) 

Noise generators. There are several functions for simulating different types of random noise 

(white noise, pink noise, blue noise, proportional noise, and square root noise). 

Miscellaneous Matlab functions: 

stdev.m, computes the standard deviation and rsd.m the relative standard deviation.  

PercentDifference.m, simply calculates the percent difference between two variables. 

IQrange.m computes the interquartile range (explained above). 

halfwidth.m for measuring the full width at half maximum of smooth peaks of any shape. 

ExpBroaden.m applies exponential broadening to any time-series vector. 

rmnan.m removes "not-a-number" entries from vectors, which is useful for cleaning up real data 

files; rmz.m removes zeros from vectors, replacing with nearest non-zero numbers. 

val2ind.m returns the index and the value of the element of vector x that is closest to a particular 

value. This is a simple function that is more useful than you might imagine. Search this 

document for ñval2indò to find several examples of the practical use of this function.  

These functions are useful in modeling and simulating analytical signals and testing measurement 

techniques (page 41). In the PDF version of this book, you can click or ctrl-click on these links to 

inspect the code or you can right-click and select "Save link as..." to download them to your computer. 

https://terpconnect.umd.edu/~toh/spectrum/functions.html
https://terpconnect.umd.edu/~toh/spectrum/functions.html
https://terpconnect.umd.edu/~toh/spectrum/plotit.m
https://terpconnect.umd.edu/~toh/spectrum/plotxrange.m
https://terpconnect.umd.edu/~toh/spectrum/segplot.m
https://terpconnect.umd.edu/~toh/spectrum/gaussian.m
https://terpconnect.umd.edu/~toh/spectrum/lorentzian.m
https://terpconnect.umd.edu/~toh/spectrum/lognormal.m
https://terpconnect.umd.edu/~toh/spectrum/pearson.m
https://terpconnect.umd.edu/~toh/spectrum/expgaussian.m
https://terpconnect.umd.edu/~toh/spectrum/expgaussian.m
https://terpconnect.umd.edu/~toh/spectrum/explorentzian.m
https://terpconnect.umd.edu/~toh/spectrum/exppulse.m
https://terpconnect.umd.edu/~toh/spectrum/sech2pulse.m
https://terpconnect.umd.edu/~toh/spectrum/sigmoid.m
https://terpconnect.umd.edu/~toh/spectrum/GL.m
https://terpconnect.umd.edu/~toh/spectrum/BiGaussian.m
https://terpconnect.umd.edu/~toh/spectrum/BiLorentzian.m
https://terpconnect.umd.edu/~toh/spectrum/voigt.m
https://terpconnect.umd.edu/~toh/spectrum/triangle.m
https://terpconnect.umd.edu/~toh/spectrum/Sech2ShapeComparison.m
https://terpconnect.umd.edu/~toh/spectrum/Sech2ShapeComparison.png
https://terpconnect.umd.edu/~toh/spectrum/peakfunction.m
https://terpconnect.umd.edu/~toh/spectrum/ShapeDemo.m
https://terpconnect.umd.edu/~toh/spectrum/ShapeDemo.png
https://terpconnect.umd.edu/~toh/spectrum/whitenoise.m
https://terpconnect.umd.edu/~toh/spectrum/pinknoise.m
https://terpconnect.umd.edu/~toh/spectrum/bluenoise.m
https://terpconnect.umd.edu/~toh/spectrum/propnoise.m
https://terpconnect.umd.edu/~toh/spectrum/sqrtnoise.m
https://terpconnect.umd.edu/~toh/spectrum/stdev.m
https://terpconnect.umd.edu/~toh/spectrum/rsd.m
https://terpconnect.umd.edu/~toh/spectrum/PercentDifference.m
http://terpconnect.umd.edu/~toh/spectrum/IQrange.m
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/ExpBroaden.m
https://terpconnect.umd.edu/~toh/spectrum/ExpBroaden.m
https://terpconnect.umd.edu/~toh/spectrum/rmnan.m
https://terpconnect.umd.edu/~toh/spectrum/rmz.m
https://terpconnect.umd.edu/~toh/spectrum/val2ind.m
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Once you have downloaded those functions and placed them in the search path, you can use them just 

like any other built-in function. For example, you can plot a Gaussian peak with white noise by typing 

x=[1:256]; y=gaussian(x,128,64) + whitenoise(x); plot(x,y) . The script plotting.m, 

shown in the figure on page 18, uses the gaussian.m function to demonstrate the distinction between the 

height, position, and width of a Gaussian curve. The script SignalGenerator.m calls several of these 

downloadable functions to create and plot a realistic computer-generated signal with multiple peaks on 

a variable baseline plus variable random noise. You might try to modify the variables in the indicated 

places to make it look like your type of data. All these functions will work in the latest version of 

Octave without change. For a complete list of my downloadable functions and scripts developed for 

this project, see page 479 or on the Web at http://tinyurl.com/cey8rwh. 

The Matlab/Octave function noisetest.m demonstrates the appearance and effect of different noise 

types. It plots Gaussian peaks with four different types of added noise: constant white noise, constant 

pink (1/f) noise, proportional white noise, and square root  white noise, then fits a Gaussian to each 

noisy data set and computes the average and the standard deviation of the peak height, position, width, 

and area for each noise type. Type "help noisetest" at the command prompt. My Matlab/Octave script 

SubtractTwoMeasurements.m (page 25) demonstrates the technique of subtracting two separate 

measurements of a waveform to extract the random noise (but it works only if the signal is stable, 

except for the noise).  

iSignal (page 376) is one of a group of multi-purpose downloadable Matlab modules I have developed 

that combine many of the techniques covered here. iSignal can plot signals with keypress-operated pan 

and zoom controls, measure signal and noise amplitudes in selected regions of the signal and compute 

the S/N ratio of peaks. It is operated by simple key presses. Other capabilities of iSignal include 

smoothing (page 40), differentiation, peak sharpening and de-tailing, deconvolution, least-squares peak 

measurement, etc.  
 

Others in this group of interactive functions include iPeak, page 255, which focuses on peak detection, 

and ipf.m, page 419, which focuses on iterative curve fitting. These functions are ideal for initial 

explorations of complex signals because they make it easy to select operations and adjust the controls 

by simple key presses. These work even if you run Matlab Online in a web browser, but they do not 

work on Matlab Mobile. Note that  the Octave versions, ipfoctave.m, ipeakoctave.m, isignaloctave.m, 

and ifilteroctave.m, use the < and > keys (with and without shift) for pan and zoom. 

For signals that contain repetitive waveform patterns occurring in one continuous signal, with 

nominally the same shape except for noise, the interactive peak detector function iPeak (page 253), has 

an ensemble averaging function (Shift-E) can compute the average of all the repeating waveforms. It 

works by detecting a single reference peak in each repeat waveform to synchronize the repeats (and 

therefore does not require that the repeats be equally spaced or synchronized to an external reference 

signal). To use this function, first adjust the peak detection controls to detect only one peak in each 

repeat pattern, zoom in to isolate any one of those repeat patterns, and then press Shift-E. The average 

waveform is displayed in Figure 2 and saved as ñEnsembleAverage.matò in the current directory. See 

iPeakEnsembleAverageDemo.m for a demonstration. See page 330: Measuring the Signal-to-Noise 

Ratio of Complex Signals for more examples of the signal-to-ratio in Matlab/Octave computations.  

https://terpconnect.umd.edu/~toh/spectrum/plotting.m
https://terpconnect.umd.edu/~toh/spectrum/gaussian.m
https://terpconnect.umd.edu/~toh/spectrum/SignalGenerator.m
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
http://tinyurl.com/cey8rwh
https://terpconnect.umd.edu/~toh/spectrum/noisetest.m
https://terpconnect.umd.edu/~toh/spectrum/SubtractTwoMeasurements.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://www.mathworks.com/products/matlab-online.html
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://terpconnect.umd.edu/~toh/spectrum/ipfoctave.m
https://terpconnect.umd.edu/~toh/spectrum/ipeakoctave.m
https://terpconnect.umd.edu/~toh/spectrum/isignaloctave.m
https://terpconnect.umd.edu/~toh/spectrum/ifilteroctave.m
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm#ipeak
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm#EnsembleAveraging
https://terpconnect.umd.edu/~toh/spectrum/iPeakEnsembleAverageDemo.m
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#SNR
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#SNR
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 ƨůĲƖŔĦċũЮĲǂƓĲƖŔůĲŰƣƚаШƣőĲШƖŸũĲШŸŉШƚŔůƨũċƣŔŸŰШċŰĬШůŸĬĲũŔŰŊЮ 
A simulation is an imitation of the operation of a real-world process or system over time. Simulations 

require the use of models, which represent the important characteristics or behaviors of the selected 

system or process, whereas the simulation represents the evolution of the model over time. The 

Wikipedia article on simulation lists 27 widely different areas where simulation and modeling are 

applied. In the context of scientific measurement, simulations of measurement instruments (page 355) 

or of signal processing techniques have been widely applied. A simulated signal can be synthesized 

using mathematical models for signal shapes (page 479) combined with appropriate types of simulated 

random noise (page 24), both based on the common characteristics of real signals.  
 

It is important to realize that a simulated signal is not a ñfakeò signal, because it is not intended to 

deceive. Rather, you can use simulated signals to test the accuracy and precision of a proposed 

processing technique, using simulated data whose true underlying parameters are known (which is not 

the case for real signals). Moreover, you can test the robustness and reproducibility of a proposed 

technique by creating multiple signals with the same underlying signal parameters but with 

imperfections added, such random noise, non-zero and shifting baselines, interfering peaks, shape 

distortion, etc. For example, the script CreateSimulatedSignal.m shows how to create a realistic model 

of a multi-peak signal that is based on the measured characteristics of an experimental signal. You will 

find many applications of this idea, e.g., on pages 310 and 337.  
 

Simulated signals that you create should always have at least small amounts of random noise, even if it 

is not visible in plots. This is not only because all real signals have noise but also because some 

processing techniques will yield misleadingly impressive performance if applied to purely computer-

generated signals that are limited only by the numerical resolution of the computer (page 340). 

Examples of such techniques are higher-order differentiation (page 72), peak sharpening (page 79), and 

deconvolution (page 114). 
 

Simulation is also applicable in more sophisticated cases. On page 363, I describe a published 

commercial technical report that contained a detailed example of a practical application of liquid 

chromatography with a diode array detector to separate three similar chemical isomers. With that 

information I was able to create realistic a data-based simulation of the data obtained in that 

experiment, which allowed me to ñrepeatò the experiment numerically with different amounts of noise 

and with different chromatographic and spectroscopic parameters, in order to explore the limits of 

applicability of that method to other potentially more challenging applications.  

  

https://en.wikipedia.org/wiki/Simulation
https://terpconnect.umd.edu/~toh/spectrum/CreateSimulatedSignal.m
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ÉůŸŸƣőŔŰŊ 
In many experiments in science, the true signal amplitudes (y-axis values) change rather smoothly as a 

function of the x-axis values, whereas many kinds of noise are seen as rapid, random changes in 

amplitude from point to point within the signal. In the latter situation it may be useful in some cases to 

attempt to reduce the noise by a process called smoothing. In smoothing, the data points of a signal are 

modified so that individual points that are higher than the immediately adjacent points (presumably 

because of noise) are reduced, and points that are lower than the adjacent points are increased. This 

naturally leads to a smoother signal (and a slower step response to signal changes). If the true 

underlying signal is smooth, then the true signal will not be much distorted by smoothing, but the high-

frequency noise will be reduced. In terms of the frequency components of a signal, a smoothing 

operation acts as a low-pass filter, reducing the high-frequency components and passing the low-

frequency components with little change. If the signal and the noise is measured for all frequencies, 

then the signal-to-noise ratio will be improved by smoothing, by an amount that depends on the 

frequency distribution of the noise. (Smoothing can be contrasted to wavelet denoising, pages 132 and 

61, which also reduces noise but does not necessarily make the signal completely smooth).  

ÉůŸŸƣőŔŰŊШċũŊŸƖŔƣőůƚ 
The simplest smoothing algorithms are based on the "shift and multiply" technique, in which a group of 

adjacent points in the original data is multiplied point-by-point by a set of numbers (coefficients) that 

defines the smooth shape, the products are added up and divided by the sum of the coefficients, which 

becomes one point of smoothed data, then the set of coefficients is shifted one point along the original 

data and the process is repeated. The simplest smoothing algorithm is the rectangular boxcar or 

unweighted sliding-average smooth. It simply replaces each point in the signal with the average of m 

adjacent points, where m is a positive integer called the smooth width. For example, for a 3-point 

smooth (m = 3):  

                                                    

This is evaluated for j = 2 to n-1, where Sj is the j
th point in the smoothed signal, Yj is the j

th point in 

the original signal, and n is the total number of points in the signal. Most spreadsheets and 

programming languages have a ñmeanò or ñaverageò function which can do this work quickly, so 

Sj=mean(yj-w/2:yj+w/2). Similar smooth operations can be constructed for any desired smooth width, m. 

Usually m is an odd number. If the noise in the data is "white noise" (that is, evenly distributed over all 

frequencies) and its standard deviation is D, then the standard deviation of the noise remaining in the 

signal after the first pass of an unweighted sliding-average smooth will be approximately D over the 

square root of m (D/sqrt(m)), where m is the smooth width. Despite its simplicity, this smooth is 

actually optimum for the common problem of reducing white noise while keeping the sharpest step 

response (click here for a logical proof). The response to a step change is, in fact, linear, so this filter 

has the advantage of responding completely with no residual effect within its response time (which is 

equal to the smooth width divided by the sampling rate). Smoothing can be performed either during 

data acquisition, by programming the digitizer to measure and to average multiple readings and save 

https://terpconnect.umd.edu/~toh/spectrum/HarmonicAnalysis.html#smoothing
https://en.wikipedia.org/wiki/Low-pass_filter
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#SNR
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#frequency
http://www.analog.com/media/en/technical-documentation/dsp-book/dsp_book_Ch15.pdf
https://www.dspguide.com/ch15/2.htm
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only the average, or after data acquisition ("post-run"), by storing all the acquired data in memory and 

smoothing the stored data. The latter requires more memory but is more flexible. 

The triangular smooth is like the rectangular smooth, above, except that it implements a weighted 

smoothing function. For a 5-point smooth (m = 5): 

 
for j = 3 to n-2, and similarly for other smooth widths (see the spreadsheet UnitGainSmooths.xls). In 

both of these cases, the integer in the denominator is the sum of the coefficients in the numerator, which 

results in a ñunit-gainò smooth that has no effect on the signal where it is a straight line and which 

preserves the area under peaks.  

It is often useful to apply a smoothing operation more than once, that is, to smooth an already smoothed 

signal, to build longer and more complicated smooths. For example, the 5-point triangular smooth 

above is equivalent to two passes of a 3-point rectangular smooth. Three passes of a 3-point rectangular 

smooth result in a 7-point haystack smooth, also called a ñp-splineò, for which the coefficients are in 

the ratio 1:3:6:7:6:3:1. The general rule is that n passes of a w-width smooth results in a combined 

smooth width of n*w-n+1. For example, 3 passes of a 17-point smooth results in a 49-point smooth. 

These multi-pass smooths are more effective at reducing high-frequency noise in the signal than a 

rectangular smooth, but they exhibit a slower step response. 

In all these smooths, the width of the smooth m is chosen to be an odd integer, so that the smooth 

coefficients are symmetrically balanced around the central point, which is important because it 

preserves the x-axis position of peaks and other features in the smoothed signal. (This is especially 

critical for analytical and spectroscopic applications because the peak positions are often important 

measurement objectives. 

We are assuming here that the x-axis interval of the signal is uniform, that is, that the difference 

between the x-axis values of adjacent points is the same throughout the signal. This is also assumed in 

many of the other signal-processing techniques described in this book, and it is a very common (but not 

necessary) characteristic of signals that are acquired by automated and computerized equipment.  

More advanced algorithms. The Savitzky-Golay smooth (ref 97) is based on the least-squares fitting 

of polynomials to segments of the data. The algorithm is discussed on Wikipedia. Compared to the 

sliding-average smooths of the same width, the Savitzky-Golay smooth is less effective at reducing 

noise, but more effective at retaining the shape of the original signal. It is capable of differentiation as 

well as smoothing. The algorithm is more complex, and the computational times may be greater than 

the smooth types discussed above, but with modern computers, the difference is insignificant. Code in 

various languages is widely available online. See page 60. My interactive iSignal function (page 376) 

has a Savitzky-Golay option. Another advanced algorithm is the wavelet-based denoise function (see 

page 136) which attempts to distinguish signal from noise by analyzing the frequency structure of the 

signal. 

The shape of any smoothing algorithm can be determined by applying that smooth to a delta function, a 

signal consisting of all zeros except for one point, as demonstrated by the simple Matlab/Octave script 

DeltaTest.m. The result is called the impulse response function.  

https://terpconnect.umd.edu/~toh/spectrum/UnitGainSmooths.xls
https://terpconnect.umd.edu/~toh/spectrum/Integration.html
http://en.wikipedia.org/wiki/Savitzky%96Golay_smoothing_filter
https://en.wikipedia.org/wiki/Savitzky%E2%80%93Golay_filter
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://www.google.com/search?sourceid=chrome&ie=UTF-8&q=Savitzky-Golay+smooth+code
https://www.google.com/search?sourceid=chrome&ie=UTF-8&q=Savitzky-Golay+smooth+code
https://terpconnect.umd.edu/~toh/spectrum/SmoothingComparison.html
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/DeltaTest.m
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 ŸŔƚĲШƖĲĬƨĦƣŔŸŰ 
 Smoothing usually reduces the noise in a signal. If the noise is "white" (that is, evenly distributed over 

all frequencies) and its standard deviation is D, then the standard deviation of the noise remaining in 

the signal after one pass of a rectangular smooth will be approximately D/sqrt(m), where m is the 

smooth width. If a triangular smooth is used instead, the noise will be slightly less, about 

D*0.8/sqrt(m). Smoothing operations can be applied more than once: that is, a previously smoothed 

signal can be smoothed again. In some cases, this can be useful if there is a great deal of high-

frequency noise in the signal. However, the noise reduction for white noise is less in each successive 

smooth. For example, three passes of a rectangular smooth reduce white noise by a factor of 

approximately D*0.7/sqrt(m), only a slight improvement over two passes. For a spreadsheet 

demonstration, see VariableSmoothNoiseReduction.xlsx. 

EŉŉĲĦƣШŸŉШƣőĲШŉƖĲƕƨĲŰĦǃШĬŔƚƣƖŔĤƨƣŔŸŰШŸŉШŰŸŔƚĲ 
 The frequency distribution of noise, designated by noise ñcolorò (page 24), substantially affects the 

ability of smoothing to reduce noise. The Matlab/ Octave function ñNoiseColorTest.mò compares the 

effect of a 20-point boxcar (unweighted sliding average) smooth on the standard deviation of white, 

pink, red, and blue noise, all of which have an original unsmoothed standard deviation of 1.0. Because 

smoothing is a low-pass filter process, it affects low-frequency (pink and red) noise less, and effects 

high-frequency (blue and violet) noise more, than it 

does white noise. 

Note that the computation of standard deviation is 

independent of the order of the data and thus of its 

frequency distribution. Sorting a set of data does not 

change its standard deviation. The standard deviation 

of a sine wave is independent of its frequency. 

Smoothing, however, changes both the frequency 

distribution and standard deviation of a data set. 

Original unsmoothed noise 1 

Smoothed white noise 0.1 

Smoothed pink noise 0.55 

Smoothed blue noise 0.01 

Smoothed red (random walk) noise 0.98 

https://terpconnect.umd.edu/~toh/spectrum/VariableSmoothNoiseReduction.xlsx
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/NoiseColorTest.m
https://terpconnect.umd.edu/~toh/spectrum/NoiseColorTest1.png
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#RandomWalk
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EŰĬШĲŉŉĲĦƣƚШċŰĬШƣőĲШũŸƚƣШƓŸŔŰƣƚШƓƖŸĤũĲů 
In the equations above, the 3-point rectangular smooth is defined only for j = 2 to n-1. There is not 

enough data in the signal to define a complete 3-point smooth for the first point in the signal (j = 1) or 

for the last point (j = n), because there are no data points before the first point or after the last point. 

(Similarly, a 5-point smooth is defined only for j = 3 to n-2, and therefore a smooth operation cannot be 

calculated for the first two points or for the last two points). In general, for an m-width smooth, there 

will be (m-1)/2 points at the beginning of the signal and (m-1)/2 points at the end of the signal for 

which a complete m-width smooth cannot be calculated the usual way. What to do? There are two 

approaches. One is to accept the loss of points and trim off those points or replace them with zeros in 

the smooth signal. (That's the approach taken in most of the figures in this book). The other approach is 

to use progressively smaller smooths at the ends of the signal, for example to use smooth widths of 2, 3, 

5, 7... points for signal points 1, 2, 3, and 4..., and for points n, n-1, n-2, n-3..., respectively. The latter 

approach may be preferable if the edges of the signal contain critical information, but it increases 

execution time. My Matlab/Octave fastsmooth function (page 485) can utilize either of these two 

methods. An alternative approach is to pad the edges with a mirror image of the data itself, which is 

commonly done in smoothing two-dimensional (image) data. 

EǂċůƓũĲƚШŸŉШƚůŸŸƣőŔŰŊ 
The figure below shows a simple example of 

smoothing. The left half of this signal is a noisy 

peak. The right half is the same peak after 

undergoing a triangular smoothing algorithm. The 

noise is greatly reduced while the peak itself is 

hardly changed. The reduced noise allows the 

signal characteristics (peak position, height, 

width, area, etc.) to be measured more accurately 

by visual inspection, but it does not improve 

measurements made by least-squares methods. 

See below.  

The larger the smooth width, the greater the noise 

reduction, but also the greater the possibility that the signal will be distorted by the smoothing 

operation. The optimum choice of smooth width depends upon the width and shape of the signal and 

the digitization interval. For peak-type signals, the critical factor is the smooth ratio, the ratio between 

the smooth width m and the number of points in the half-width of the peak. In general, increasing the 

smoothing ratio improves the signal-to-noise ratio but causes a reduction in amplitude and an increase 

in the width of the peak. Be aware that the smooth width can be expressed in two different ways: (a) as 

the number of data points or (b) as the x-axis interval (for spectroscopic data usually in nm or in 

frequency units). The two are simply related: the number of data points is simply the x-axis interval 

times the increment between adjacent x-axis values. The smooth ratio is the same in either case. 

https://terpconnect.umd.edu/~toh/spectrum/fastsmooth.m
https://www.machinecurve.com/index.php/2020/02/10/using-constant-padding-reflection-padding-and-replication-padding-with-keras/
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#NOT_smooth
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 The figures here show examples of the effect of 

three different smooth widths on noisy Gaussian-

shaped peaks. In the figure on the left, the peak has 

a true height of 2.0 and there are 80 points in the 

half-width of the peak. The red line is the original 

unsmoothed peak. The three superimposed green 

lines are the results of smoothing this peak with a 

triangular smooth of width (from top to bottom) 7, 

25, and 51 points. Because the peak width is 80 

points, the smooth ratios of these three smooths are 

7/80 = 0.09, 25/80 = 0.31, and 51/80 = 0.64, 

respectively. As the smooth width increases, the noise is progressively reduced but the peak height also 

is reduced slightly. For the largest smooth, the peak width is noticeably increased. In the figure on the 

right, the original peak (in red) has a true 

height of 1.0 and a half-width of 33 points. 

(It is also less noisy than the example above.) 

The three superimposed green lines are the 

results of the same three triangular smooths 

of width 7, 25, and 51 points. But because 

the peak width, in this case, is only 33 points, 

the smooth ratios of these three smooths are 

larger - 0.21, 0.76, and 1.55, respectively. 

You can see that the peak distortion effect 

(reduction of peak height and increase in 

peak width) is greater for the narrower peak 

because the smooth ratios are higher. Smooth ratios of greater than 1.0 are seldom used because of 

excessive peak distortion. Note that even in the worst case, the peak positions are not affected 

(assuming that the original peaks were symmetrical and not overlapped by other peaks). If retaining the 

shape of the peak is more important than optimizing the signal-to-noise ratio, the Savitzky-Golay has 

the advantage over sliding-average smooths. In all cases, the total signal remains unchanged. If the 

peak widths vary substantially, an adaptive or segmented smooth, which allows the smooth width to 

vary across the signal, may be used (page 333). In this context, ñsegmentedò means that the signal is 

divided into segments with a different smooth applied to each segment. 

ÑőĲШƓƖŸĤũĲůШƽŔƣőШƚůŸŸƣőŔŰŊШ 
Smoothing is often less beneficial than you might think. It is important to understand that smoothing 

results such as illustrated in the figures above could be viewed as deceptively impressive because they 

employ a single sample of a noisy signal that is smoothed to different degrees. This causes the viewer 

to underestimate the contribution of low-frequency noise, which is hard to estimate visually because 

there are so few low-frequency cycles in the signal record. This problem can be visualized by recording 

a few independent samples of a noisy signal consisting of a single peak, as illustrated in the two figures 

below. 

https://terpconnect.umd.edu/~toh/spectrum/Integration.html
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#SegmentedSmooth
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These figures show ten superimposed plots with the same peak but with independent white noise, each 

plotted with a different line color, unsmoothed on the left and smoothed on the right. Clearly, the noise 

reduction is substantial, but close inspection of the different colored smoothed signals on the right 

shows that there is still variation in peak position, height, and width between the 10 samples, which is 

caused by the low-frequency noise remaining in the smoothed signals. Without the noise, each peak 

would have a peak height of 2, peak center at 500, and a width of 150. Just because a signal looks 

smooth does not mean there is no noise. Low-frequency noise remaining in the signals after smoothing 

can still interfere with the precise measurement of peak position, height, and width. 

(The generating scripts below each figure require that the functions gaussian.m, whitenoise.m, and 

fastsmooth.m be downloaded from http://tinyurl.com/cey8rwh.) 

It should be clear that smoothing can seldom eliminate noise completely, because most noise is spread 

out over a range of frequencies and smoothing simply reduces the noise in part of its frequency range. 

Only for some very specific types of noise (e.g., discrete frequency sine-wave noise or single-point 

spikes) is there hope of anything close to complete noise elimination. Smoothing does make the signal 

smoother, and it does reduce the standard deviation of the noise, but whether that makes for a better 

measurement or not depends on the situation. And do not assume that just because a little smoothing is 

good that more will necessarily be better. Smoothing is like cursing. Sometimes you need it - but you 

should do it judiciously. 

The figure on the right below is another example of a signal that illustrates some of these principles. 

The signal consists of two Gaussian peaks, one located at x=50 and the second at x=150. Both peaks 

have a peak height of 1.0 and a peak half-width of 10, and the same normally-distributed random white 

noise with a standard deviation of 0.1 has been added to the entire signal. The x-axis sampling interval, 

  

x=1:1000;  

for n=1:10,  

y(n,:)=2.*gaussian(x,500,150)é   

+whitenoise(x);  

end  

plot(x,y)  

x=1:1000;  

for n=1:10,  

y(n,:)=2.*gaussian(x,500,150)+whitenoise(

x);  

 y(n,:)=fastsmooth(y(n,:),50,3);  

end  

plot(x,y)  

http://tinyurl.com/cey8rwh


Page | 48  

however, is different for the two peaks: it is 0.1 

for the first peak from x=0 to 100) and 1.0 for the 

second peak (from x=100 to 200). This means that 

the first peak is characterized by ten times more 

data points than the second peak. It may look like 

the first peak is noisier than the second, but that is 

just an illusion. The signal-to-noise ratio for both 

peaks is 10. The second peak looks less noisy only 

because there are fewer noise samples there and 

we tend to underestimate the dispersion of small 

samples. The result of this is that when the signal 

is smoothed, the second peak is much more likely 

to be distorted by the smooth operation, becoming 

shorter and wider than the first peak. The first peak can tolerate a much wider smooth width, resulting 

in a greater degree of noise reduction. Similarly, if both peaks are measured with the least-squares 

curve fitting method (page 199), the fit of the first peak is more stable with the noise and the measured 

parameters of that peak will be about 3 times more accurate than the second peak, because there are 10 

times more data points in that peak, and the measurement precision improves roughly with the square 

root of the number of data points if the noise is white. You can download this data file, "udx", in TXT 

format or in Matlab MAT format. 

§ƓƣŔůŔǍċƣŔŸŰШŸŉШƚůŸŸƣőŔŰŊ 
As smooth width increases, the smoothing ratio 

increases, noise is reduced quickly at first, then 

more slowly, and the peak height is also reduced, 

slowly at first, then more quickly. The noise 

reduction depends on the smooth width, the 

smooth type (e.g., rectangular, triangular, etc.), 

and the noise color, but the peak height reduction 

also depends on the peak width. The result is that 

the signal-to-noise (defined as the ratio of the 

peak height of the standard deviation of the noise) 

increases quickly at first, then reaches a 

maximum. This is illustrated by the animation on 

the left, which shows the result of smoothing a 

Gaussian peak plus white noise (produced by this 

Matlab/Octave script). The maximum 

improvement in the signal-to-noise ratio depends 

on the number of points in the peak: the more points in the peak, the greater smooth widths can be 

employed and the greater the noise reduction. This figure also illustrates that most of the noise 

reduction is due to high-frequency components of the noise, whereas much of the low-frequency noise 

remains in the signal even as it is smoothed. 

https://terpconnect.umd.edu/~toh/spectrum/InteractivePeakFitter.htm
https://terpconnect.umd.edu/~toh/spectrum/InteractivePeakFitter.htm
https://terpconnect.umd.edu/~toh/spectrum/udx10noiseAnimation.gif
https://terpconnect.umd.edu/~toh/spectrum/udx.txt
https://terpconnect.umd.edu/~toh/spectrum/udx.txt
https://terpconnect.umd.edu/~toh/spectrum/udx.mat
https://terpconnect.umd.edu/~toh/spectrum/SmoothWidthTest.m
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Which is the best smooth ratio? It depends on the purpose of the peak measurement. If the ultimate 

objective of the measurement is to measure the peak height or width, then smooth ratios below 0.2 

should be used and the Savitzky-Golay (or wavelet denoise: see page 136) smooth is preferred. But if 

the objective of the measurement is to measure the peak position (x-axis value of the peak), larger 

smooth ratios can be employed if desired, because smoothing has little effect on the peak position 

(unless peak is asymmetrical or the increase in peak width is so much that it causes adjacent peaks to 

overlap). If the peak is actually formed of two underlying peaks that overlap so much that they appear 

to be one peak, then curve fitting is the only way to measure the parameters of the underlying peaks. 

Unfortunately, the optimum signal-to-noise ratio corresponds to a smooth ratio that significantly 

distorts the peak, which is why curve fitting the unsmoothed data is often the preferred method for 

measuring peaks position, height, and width. The peak area is not changed by a properly constructed 

smoothing operation unless it changes your estimate of the beginning and the ending of the peak. 

In quantitative chemical analysis applications based on calibration by standard samples, the peak 

height reduction caused by smoothing is not so important. If the same signal processing operations are 

applied to the samples and to the standards, the peak height reduction of the standard signals will be the 

same as that of the sample signals and the effect will be cancelled out exactly. In such cases, smooth 

widths from 0.5 to 1.0 can be used if necessary, to further improve the signal-to-noise ratio, as shown in 

the figure on the previous page (for a simple sliding-average rectangular smooth function). In practical 

analytical chemistry, absolute peak height measurements are seldom required. Calibration against 

standard solutions is the rule. (Remember: the objective of quantitative analysis is not to measure a 

signal but rather to measure the concentration of the unknown.) It is very important, however, to apply 

the same signal processing steps to the standard signals as to the sample signals, otherwise a large 

systematic error will result. 

For a more detailed comparison of all four smoothing types considered above, see page 60. 

ìőĲŰШƚőŸƨũĬШǃŸƨШƚůŸŸƣőШċШƚŔŊŰċũеШШ 
There are four reasons to smooth a signal: 

(a) for cosmetic reasons, to prepare a nicer-looking or more dramatic graphic of a signal for 

visual inspection or publication, especially in order to emphasize long-term behavior over short-

term, or 

(b) If the signal contains mostly high-frequency ("blue") noise, which can look bad but has less 

effect on the low-frequency signal components (e.g. the positions, heights, widths, and areas of 

peaks) than white noise, or 
 

(c) if the signal will be subsequently analyzed by a method that would be degraded by the 

presence of too much noise in the signal, for example, if the heights of peaks are to be 

determined visually or graphically or by using the MAX function, of the widths of peaks is 

measured by the halfwidth function, or if the location of maxima, minima, or inflection points 

in the signal is to be determined automatically by detecting zero-crossings in derivatives of the 

signal. Optimization of the amount and type of smoothing is important in these cases (see page 

44). Generally, if a computer is available to make quantitative measurements, it is better to use 

least-squares methods on the unsmoothed data, rather than graphical estimates on smoothed 

http://en.wikipedia.org/wiki/Savitzky%96Golay_smoothing_filter
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html#FittingPeaks
https://terpconnect.umd.edu/~toh/spectrum/SmoothingComparison.html
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html#Smoothing
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html
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data. If a commercial instrument has the option to smooth the data for you, it is best to disable 

the smoothing and record and save the unsmoothed data. You can always smooth it yourself 

later for visual presentation and it will be better to use the unsmoothed data for a least-squares 

fitting or other processing that you may want to do later. Smoothing can be used to locate peaks, 

but it should not be used to measure peaks.  

(d) The formal limit of detection and limit of quantification of an analytical method (references 

91, 92) may be improved by smoothing or averaging, depending on the method of signal 

measurement, as was described on page 27 and demonstrated by the Matlab/Octave script 

SNRdemo.m. 

You must use care in the design of algorithms that employ smoothing. For example, in a popular 

technique for peak finding and measurement discussed later (page 234), peaks are located by detecting 

downward zero-crossings in the smoothed first derivative, but the position, height, and width of each 

peak is determined by least-squares curve-fitting (page 173) of a segment of original unsmoothed data 

in the vicinity of the zero-crossing (page 236), rather than simply taking the maximum of the smoothed 

data. That way, even if heavy smoothing is necessary to provide reliable discrimination against noise 

peaks, the peak parameters extracted by curve fitting are not distorted by the smoothing function. 

ìőĲŰШƚőŸƨũĬШǃŸƨШ §ÑШƚůŸŸƣőШċШƚŔŊŰċũеШ 
One common situation where you should not smooth signals is prior to statistical procedures such as 

least-squares curve-fitting. There are several reasons (reference 43). 

(a) Smoothing will not significantly improve the accuracy of parameter measurement by least-

squares measurements between separate independent signal samples. 
 

(b) All smoothing algorithms are at least slightly "lossy", entailing at least some change in 

signal shape and amplitude.  
 

(c) It is harder to evaluate the fit by inspecting the residuals if the data are smoothed, because 

smoothed noise may be mistaken for an actual signal. 
 

(d) Smoothing the signal will seriously underestimate the parameter errors predicted by the 

algebraic propagation-of-error calculations and by the bootstrap method (page 170). Even a 

visual estimate of the quality of the signal is compromised by smoothing, which makes the 

signal look better than it really is. 

?ĲċũŔŰŊШƽŔƣőШƚƓŔťĲƚШċŰĬШŸƨƣũŔĲƖƚЮШ 
Sometimes signals are contaminated with very tall, narrow ñspikesò or "outliers" occurring at random 

intervals and with random amplitudes, but with widths of only one or a few points. For example, 

optical spectroscopy using photomultiplier tube detectors is subject to spikes caused by ñcosmic raysò 

from outer space passing through the front window of the detector, creating a pulse of Cherenkov 

radiation. It not only looks ugly, but it also upsets the assumptions of least-squares computations 

because it is not normally distributed random noise. This type of interference is difficult to eliminate 

using the above smoothing methods without distorting the signal. However, a ñmedianò filter, which 

replaces each point in the signal with the median (rather than the average) of m adjacent points, can 

https://www.longdom.org/open-access/about-estimating-the-limit-of-detection-by-the-signal-to-noise-approach-2153-2435-1000355.pdf
https://www.longdom.org/open-access/about-estimating-the-limit-of-detection-by-the-signal-to-noise-approach-2153-2435-1000355.pdf
https://terpconnect.umd.edu/~toh/spectrum/SNRdemo.m
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html
http://wmbriggs.com/blog/?p=195
http://wmbriggs.com/blog/?p=195
http://wmbriggs.com/blog/?p=195
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html#Smoothing
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html#Algebraic
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html#bootstrap
https://www.hamamatsu.com/resources/pdf/etd/PMT_handbook_v3aE.pdf
https://en.wikipedia.org/wiki/Cherenkov_radiation
https://en.wikipedia.org/wiki/Cherenkov_radiation
https://en.wikipedia.org/wiki/Median
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eliminate narrow spikes, with little change in the signal, if the width of the spikes is only one or a few 

points and equal to or less than m. See http://en.wikipedia.org/wiki/Median_filter. The script 

ñTestSpikefilters.mò demonstrates the median filter in action, removing the effect of narrow spikes: 

 
 

PercentAreaErrorBefore =4.5%  

PercentAreaErrorMedian =0.16%  

PercentAreaErrorInterp =0.004%  

For another example, see page 295.  

A different approach to spike elimination is used by my killspikes.m function. It locates and eliminates 

the spikes by "patching over them" using linear interpolation from the signal points immediately before 

and after the spike. See page 57 for details.  

Unlike conventional smooths, these functions can be profitably applied prior to least-squares fitting 

functions. (On the other hand, if the spikes themselves are the signal of interest, and the other 

components of the signal are interfering with their measurement, see page 304).  

EŰƚĲůĤũĲШ ƻĲƖċŊŔŰŊ 
Another way to reduce noise in repeatable signals, such as the set of ten unsmoothed signals on page 

47, is simply to compute their average, called ensemble averaging, which can be performed in this case 

very simply by the Matlab/Octave code plot(x, mean(y)). The result shows a reduction in white noise 

by about sqrt(10)=3.2. This improves the signal-to-noise ratio enough to see that there is a single peak 

with Gaussian shape, which can then be measured by curve fitting (covered in a later section, page 199) 

http://en.wikipedia.org/wiki/Median_filter
https://terpconnect.umd.edu/~toh/spectrum/killspikes.m
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#limits
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#EnsembleAveraging
https://terpconnect.umd.edu/~toh/spectrum/10EnsembleAverage.png
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html
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using the Matlab/Octave code peakfit([x; mean(y)],0,0,1), with the result showing excellent agreement 

with the position (500), height (2), and width (150) of the Gaussian peak created in the third line of the 

generating script (on page 47). A huge advantage of ensemble averaging is that the noise at all 

frequencies is reduced, not just the high-frequency noise as in smoothing. This is a big advantage if 

either the signal or the baseline drift. 

9ŸŰĬĲŰƚŔŰŊШŸƻĲƖƚċůƓũĲĬШƚŔŊŰċũƚ 
Sometimes signals are recorded more densely (that is, with higher sampling frequency or with smaller 

x-axis intervals) than necessary to capture all the important features of the signal. This results in larger-

than-necessary data sizes, which slows down signal processing procedures and may tax storage 

capacity. To correct this, oversampled signals can be reduced in size either by eliminating data points 

(say, dropping every second point or every third point) or by replacing groups of adjacent points by 

their averages, which is often called bunching. Bunching has the advantage of using rather than 

discarding data points, and it acts like smoothing to provide some measure of noise reduction. If the 

noise in the original signal is white, and the signal is condensed by averaging every ñnò points, the 

noise is reduced in the condensed signal by the square root of n, but with no change in the frequency 

distribution of the remaining noise. The Matlab/Octave script testcondense.m demonstrates the effect of 

boxcar averaging using the condense.m function to reduce noise without changing the noise color. 

Shows that the boxcar reduces the measured noise, removing the high-frequency components but has 

little effect on the peak parameters. Least-squares curve-fitting on the condensed data is faster and 

results in a lower fitting error, but no more accurate measurement of peak parameters. If you find 

yourself resorting to very large smooth widths, consider using the condense function first. 

Video Demonstration. This 18-second, three MByte video (Smooth3.wmv) demonstrates the effect of 

triangular smoothing on a single Gaussian peak with a peak height of 1.0 and a peak width of 200. The 

initial white noise amplitude is 0.3, giving an initial signal-to-noise ratio of about 3.3. An attempt to 

measure the peak amplitude and peak width of the noisy signal, shown at the bottom of the video, are 

initially seriously inaccurate because of the noise. As the smooth width increases, however, the signal-

to-noise ratio and the accuracy of the measurements of peak amplitudes and peak widths are both 

improved. However, above a smooth width of about 40 (smooth ratio 0.2), the smoothing function 

causes the peak to be shorter than 1.0 and wider than 200, even though the signal-to-noise ratio 

continues to improve as the smooth width is increased. 
 

 

  

https://terpconnect.umd.edu/~toh/spectrum/10EnsembleAverageCurveFit.png
https://terpconnect.umd.edu/~toh/spectrum/testcondense.m
https://terpconnect.umd.edu/~toh/spectrum/consense.m
https://terpconnect.umd.edu/~toh/spectrum/testcondense.png
https://terpconnect.umd.edu/~toh/spectrum/testcondense2.png
https://terpconnect.umd.edu/~toh/spectrum/testcondense.txt
https://terpconnect.umd.edu/~toh/spectrum/testcondense.txt
https://terpconnect.umd.edu/~toh/spectrum/Smooth3.wmv
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ÉůŸŸƣőŔŰŊШŔŰШƚƓƖĲċĬƚőĲĲƣƚ 

Smoothing can be done in spreadsheets using the "shift and multiply" technique described above. In the 

demonstration spreadsheets smoothing.ods and smoothing.xls (screen image) the set of multiplying 

coefficients is contained in the formulas that calculate the values of each cell of the smoothed data in 

columns C and E. Column C performs a 7-point rectangular smooth (1 1 1 1 1 1 1). Column E 

performs a 7-point triangular smooth (1 2 3 4 

3 2 1), applied to the data in column A. You 

can type in (or Copy and Paste) any data you 

like into column A, and you can extend the 

spreadsheet to longer columns of data by 

dragging the last row of columns A, C, and E 

down as needed. But to change the smooth 

width, you would have to change the equations 

in columns C or E and copy the changes down 

the entire column. It is common practice to 

divide the results by the sum of the coefficients 

so that the net gain is unity and the area under 

the curve of the smoothed signal is preserved. 

The spreadsheets UnitGainSmooths.xls and 

UnitGainSmooths.ods (screen image) contain a 

collection of unit-gain convolution coefficients 

for a rectangular, triangular, and p-spline 

smooth of width 3 to 29 in both vertical 

(column) and horizontal (row) forma Copy and 

Paste these into your own spreadsheets.  

The spreadsheets MultipleSmoothing.xls and 

MultipleSmoothing.ods (screen image on the 

left) demonstrate another method in which the 

coefficients are contained in a group of 17 

adjacent cells (in row 5, columns I through Y), 

making it easier to change the smooth shape 

and width (up to a maximum of 17) just by 

changing those 17 cells. (To make a smaller 

smooth operation, just insert zeros for the 

unused coefficients. In this example, a 7-point 

triangular smooth is defined in columns N - T 

and the rest of the coefficients are zeros). In 

this spreadsheet, the smooth is applied three 

times in succession in columns C, E, and G, resulting in an effective maximum smooth width of n*w-

n+1 = 49 points applied to column G. A disadvantage of the above technique for smoothing in 

spreadsheets is that it is cumbersome to expand them to very large smooth widths. 

https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#algorithms
https://terpconnect.umd.edu/~toh/spectrum/smoothing.ods
https://terpconnect.umd.edu/~toh/spectrum/smoothing.xls
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.png
https://terpconnect.umd.edu/~toh/spectrum/UnitGainSmooths.xls
https://terpconnect.umd.edu/~toh/spectrum/UnitGainSmooths.ods
https://terpconnect.umd.edu/~toh/spectrum/UnitGainSmooths.png
https://terpconnect.umd.edu/~toh/spectrum/MultipleSmoothing.xls
https://terpconnect.umd.edu/~toh/spectrum/MultipleSmoothing.ods
https://terpconnect.umd.edu/~toh/spectrum/MultipleSmoothing.png
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 A more flexible and powerful technique, especially for very large and variable smooth widths, is to 

use the built-in spreadsheet function AVERAGE, which by itself is equivalent to a rectangular smooth, 

but if applied two or three times in succession, generates triangle and P-spline-shaped smooths. It is 

best used in conjunction with the INDIRECT function (page 353) to control a dynamic range of values. 

This is demonstrated in the spreadsheet VariableSmooth.xlsx in which the data in column A are 

smoothed by three successive applications of AVERAGE, in columns B, C, and D, each with a smooth 

width specified in a single cell F3. If w is the smooth width, which can be any odd positive number, the 

resulting smooth in column D has a total width of n*w-n+1 = 3*w-2 points. The cell formula of the 

smooth operations (=AVERAGE(INDIRECT("A"&ROW(A17) - ($F$3 - 1)/2&":A"&ROW(A17)  

+ ($F$3 - 1)/2)) ) uses the INDIRECT function to apply the AVERAGE function to the data in the 

rows from w/2 rows above to w/2 

rows below the current row, 

where the smooth width w is in 

cell F3. If you Copy and Paste 

this formula to your own 

spreadsheets, you must manually 

change all references to column 

"A" to the column that contains 

the data to be smoothed in your 

spreadsheet and change all 

references to "$F$3" to the 

location of the smooth width in 

your spreadsheet. Then when you 

drag-copy down to cover all your 

data points, the row cell 

references will take care of themselves.  

The example in the graphic above shows smoothing applied to a DC (direct current) signal with a step 

change occurring at x=111. Without smoothing (blue line) the step is almost invisible. As an application 

example, the smoothed signal might be used to trigger an alarm whenever it exceeds a value of 0.2, 

warning that something has occurred, whereas the raw unsmoothed signal would be completely 

unsuitable for that purpose. 

Another set of spreadsheets that uses this same AVERAGE(INDIRECT()) technique is 

SegmentedSmoothTemplate.xlsx, a segmented multiple-width data smoothing spreadsheet template that 

can apply individually specified different smooth widths to different regions of the signal. This is 

especially useful if the widths or the noise level of the peaks vary substantially across the signal. In this 

version, there are 20 segments. Similar templates could be constructed with any number of segments. 
 

SegmentedSmoothExample.xlsx is an example with data (graphic). Note that the plot is conveniently 

lined up with the columns containing the smooth widths for each segment. A related sheet, 

GradientSmoothTemplate.xlsx or GradientSmoothExample2.xlsx (graphic), performs a gradient 

smooth, linearly increasing (or decreasing) in smooth width across the entire signal, given only the 

starting and ending values, and automatically generating as many segments and different smooth 

https://terpconnect.umd.edu/~toh/spectrum/VariableSmoothExample.png
https://www.lifewire.com/excel-sum-indirect-dynamic-range-formula-3124100
https://terpconnect.umd.edu/~toh/spectrum/VariableSmooth.xlsx
https://support.office.com/en-us/article/indirect-function-474b3a3a-8a26-4f44-b491-92b6306fa261
https://support.office.com/en-us/article/AVERAGE-function-047BAC88-D466-426C-A32B-8F33EB960CF6
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSmoothTemplate.xlsx
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSmoothExample.xlsx
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSmoothExample.png
https://terpconnect.umd.edu/~toh/spectrum/GradientSmoothTemplate.xlsx
https://terpconnect.umd.edu/~toh/spectrum/GradientSmoothExample2.xls
https://terpconnect.umd.edu/~toh/spectrum/GradientSmoothExample2.png
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widths as are necessary. (It also enforces the restriction, in column C, that each smooth width must be 

an odd number, to prevent an x-axis shift in the smoothed data).  

ÉůŸŸƣőŔŰŊШŔŰШ~ċƣũċĤШċŰĬШ§ĦƣċƻĲ 
The built-in ñsmoothò function, in both Matlab and Python, implements several different types of 

smoothing (type ñhelp smoothò at the 

command prompt).  
 

My Matlab function fastsmooth implements 

shift-and-multiply type smooths using a faster 

recursive algorithm. It is a Matlab function of 

the form s=fastsmooth(a,w, type, edge). The 

argument "a" is the input signal vector, "w" is 

the smooth width (a positive integer), "type" 

determines the smooth type: type=1 gives a 

rectangular (sliding-average or boxcar) 

smooth,type=2 gives a triangular smooth, 

equivalent to two passes of a sliding average, 

and type=3 gives a ñp-splineò smooth, 

equivalent to three passes of a sliding average. 

These shapes are compared in the figure on the left. (See page 60 for a comparison of these smoothing 

modes). The argument "edge" controls how the "edges" of the signal (the first w/2 points and the last 

w/2 points) are handled. If edge=0, the edges are zero. (In this mode the elapsed time is independent of 

the smooth width. This gives the fastest execution time). If edge=1, the edges are smoothed with 

progressively smaller smooths the closer to the end. (In this mode the execution time increases with 

increasing smooth widths). The smoothed signal is returned as the vector "s". (You can leave off the 

last two input arguments: fastsmooth(Y,w,type) smooths with edge=0 and fastsmooth(Y,w) smooths 

with type=1 and edge=0). Compared to convolution-based smooth algorithms, fastsmooth uses a 

simple recursive algorithm that typically gives faster execution times for large smooth widths. It can 

smooth a 1,000,000-point signal with a 1,000-point sliding average in less than 0.1 seconds on a 

standard Windows PC. Here's a simple example of fastsmooth demonstrating the effect on white noise 

(graphic). 
 

x=1:100;  

y=randn(size(x));  

plot(x,y,x, fastsmooth(y,5,3,1),'r')  

xlabel('Blue: white noise.    Red: smoothed white noise.')  

Segmented smoothing  

SegmentedSmooth.m is a segmented version of fastsmooth. The syntax is the same as fastsmooth.m, 

except that the second input argument "smoothwidths" can be a vector: SmoothY = 

SegmentedSmooth (Y, smoothwidths, type, ends) . The function divides Y into several 

equal-length regions defined by the length of the vector 'smoothwidths', then smooths each region with 

a smooth of type 'type' and width defined by the elements of vector 'smoothwidths'. In the graphic 

http://en.wikipedia.org/wiki/MATLAB
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/fastsmooth.m
http://www.analog.com/media/en/technical-documentation/dsp-book/dsp_book_Ch15.pdf#page=282
http://www.analog.com/media/en/technical-documentation/dsp-book/dsp_book_Ch15.pdf#page=282
https://terpconnect.umd.edu/~toh/spectrum/fastsmooth.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothingWhiteNoise.png
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSmooth.m
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example on the next page, 

smoothwidths=[31 52 91] , 

which divides up the signal into three 

equal regions and smooths the first 

region with smoothwidth 31, the second 

with smoothwidth 51, and the last with 

smoothwidth 91. You may use any 

number of smooth widths and any 

sequences of smooth widths, just by how 

you define the vector ñsmoothwidthsò. 

No other change is needed. Type "help 

SegmentedSmooth" for other examples.  

DemoSegmentedSmooth.m is a 

demonstration script that shows the 

operation with different signals 

consisting of noisy variable-width peaks 

that become progressively wider (figure on the right). If the peak widths increase or decrease regularly 

across the signal, you can calculate the smoothwidths vector by giving only the number of segments 

("NumSegments"), the first value, "startw", and the last value, "endw", like so: 

wstep=(endw - startw)/NumSegments;  

smoothwidths=startw:wstep:endw;  

Other smoothing functions.  

Diederick has published a Savitzky-Golay smooth function in Matlab, which you can download from 

the Matlab File Exchange. It is included (with attribution) in my iSignal function (page 376). Greg 

Pittam has published a modification of my fastsmooth function that tolerates NaNs ("Not a Number") 

in the data file (nanfastsmooth(Y,w,type,tol)) and another version for smoothing ñangleò data that 

repeats every 360o or 2 ˊ radians (nanfastsmoothAngle(Y,w,type,tol)). 

Most signal processing operations, including smoothing, will fail in the raw data set contains a NaN 

(ñnot a numberò) or Inf (ñinfinityò). In such cases you can remove them from a data vector by using my 

downloadable rmnan.m function, which removes NaNs and Infs from vectors, replacing with 

neighboring real numbers. The example below creates a data vector v that contains two Infs and returns 

a clean vector of the same length: 
 

   >> v=[1 2 3 4 Inf 6 7 Inf 9];  

   >> rmnan(v)  

 

   ans =  

      1     2     3     4     4     6     7     7     9  

https://terpconnect.umd.edu/~toh/spectrum/DemoSegmentedSmooth.m
http://www.mathworks.com/matlabcentral/fileexchange/authors/62607
http://www.mathworks.com/matlabcentral/fileexchange/30299-savitzky-golay-smoothdifferentiation-filters-and-filter-application
http://www.mathworks.com/matlabcentral/fileexchange/30299-savitzky-golay-smoothdifferentiation-filters-and-filter-application
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#Interactive_Smoothing
http://uk.mathworks.com/matlabcentral/profile/authors/1859625-greg-pittam
http://uk.mathworks.com/matlabcentral/profile/authors/1859625-greg-pittam
http://uk.mathworks.com/matlabcentral/fileexchange/52688-nan-tolerant-fast-smooth
http://uk.mathworks.com/matlabcentral/fileexchange/52689-angular-fast-smooth-nan-tolerant
https://terpconnect.umd.edu/~toh/spectrum/rmnan.m
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SmoothWidthTest.m is a demonstration script that uses the fastsmooth function to demonstrate the effect 

of smoothing on peak height, noise, and signal-to-noise ratio of a peak. You can change the peak shape 

in line 7, the smooth type in line 8, and the 

noise in line 9. A typical result for a Gaussian 

peak with white noise smoothed with a p-spline 

(pseudo-Gaussian) smooth is shown on the left. 

Here, as it is for most peak shapes, the optimal 

signal-to-noise ratio occurs at a smooth ratio of 

about 0.8. However, that optimum corresponds 

to a significant reduction in peak height, which 

could be a problem. A smooth width of about 

half the width of the original unsmoothed peak 

produces less distortion of the peak but still 

achieves good noise reduction. 

SmoothVsCurvefit.m is a similar script but is 

also compares curve fitting (page 199) as an 

alternative method to measure the peak height 

without smoothing. 

This effect is explored more completely by the code below, which shows an experiment in Matlab or 

Octave that creates a Gaussian peak, smooths it, compares the smoothed and unsmoothed version, then 

uses the max(), halfwidth(), and trapz() functions to print out the peak height, halfwidth, and area. 

(Note: ñmaxò and ñtrapzò are both built-in functions in Matlab and Octave, but you must download 

halfwidth.m. To learn more about these functions, type "help" followed by the function name). 

x=[0:.1:10]';  

y=exp( - (x - 5).^2);  

plot(x,y)  

ysmoothed=fastsmooth(y,11,3,1);  

plot(x,y,x, ysmoothed, 'r' )  

disp([max(y) halfwidth(x,y,5) trapz(x,y)])  

disp([max(ysmoothed) halfwidth(x,ysmoothed,5)  trapz(x, ysmoothed)])  
 

        max        halfwidth      Area  

            1       1.6662       1.7725  

      0.78442       2.1327       1.7725  

These results show that smoothing reduces the peak height (from 1 to 0.784) and increases the peak 

width (from 1.66 to 2.13) but has no observable effect on the peak area if you measure the total area 

under the broadened peak. Smoothing is useful if the peak height, position, or width are measured by 

simple methods, but there is no need to smooth the data if the noise is white and these peak parameters 

are measured by least-squares methods, because the least-squares results obtained on the unsmoothed 

data will be more accurate than the slightly distorted smoothed signal (see page 233).  

Other noise-reduction functions.  

The Matlab/Octave user-defined function condense.m, condense(y,n), returns a condensed version of y 

in which each group of n points is replaced by its average, reducing the length of y by the factor n. (For 

x,y data sets, use this function on both independent variable x and dependent variable y so that the 

https://terpconnect.umd.edu/~toh/spectrum/SmoothWidthTest.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothVsCurvefit.m
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html
https://terpconnect.umd.edu/~toh/spectrum/SmoothExperiment.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothExperiment.m
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/condense.m
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features of y will appear at the same x values).  Random white noise in the signal is reduced by sqrt(n) 

but the noise color is unchanged. 
 

 The Matlab/Octave user-defined function medianfilter.m, medianfilter(y,w) , performs a median-

based filter operation that replaces each value of y with the median of w adjacent points (which must be 

a positive integer). killspikes.m is a threshold-based filter for eliminating narrow spike artifacts. The 

syntax is fy= killspikes(x, y, threshold, width) . Each time it finds a positive or 

negative jump in the data between y(n) and y(n+1) that exceeds "threshold", it replaces the next 

"width" points of data with a linearly interpolated segment spanning x(n) to x(n+width+1). The script 

TestSpikefilters compares both spike filters on a Gaussian with spikes and shows how accurately they 

recover the original peak area. 

ProcessSignal is a Matlab/Octave command-line function that performs smoothing and differentiation 

on the time-series data set x,y (column or row vectors). It can employ all the types of smoothing 

described above. Type "help ProcessSignal" at the command line. This function returns the processed 

signal as a vector that has the same shape as x, regardless of the shape of y. The syntax is Processed = 

ProcessSignal(x, y, DerivativeMode, w, type, ends, Sharpen, factor1, factor2, Symize, Symfactor, 

SlewRate, MedianWidth).  
 

Real-time smoothing in Matlab is discussed on page 347. Smoothing in Python is described on page 

448. A Live Script (page 37) for smoothing is covered on page 59. 

iSignal (page 376) is an interactive keystroke-operated function for Matlab that includes smoothing for 

time-series signals using all the 

algorithms discussed above, 

including the Savitzky-Golay 

smooth, the segmented smooth, a 

median filter, and a condense 

function. Simple keystrokes allow 

you to adjust any of the smooth-

ing parameters continuously while 

observing the effect on your 

signal instantly, making it easy to 

observe how different types and 

amounts of smoothing effect noise 

and signal, such as the height, 

width, and areas of peaks. Other 

functions of iSignal include 

differentiation, peak sharpening, 

interpolation, least-squares peak measurement, and a frequency spectrum mode that shows how 

smoothing and other functions can change the frequency spectrum of your signals. The simple script 

ñiSignalDeltaTestò demonstrates the frequency response of iSignal's smoothing functions by applying 

them to a single-point spike, allowing you to change the smooth type and width to see how the 

frequency response changes. (View the code here or download the ZIP file with sample data for 

testing). The Octave version is isignaloctave.m, which has different keys for pan and zoom. 

https://terpconnect.umd.edu/~toh/spectrum/medianfilter.m
https://terpconnect.umd.edu/~toh/spectrum/killspikes.m
https://terpconnect.umd.edu/~toh/spectrum/TestSpikefilters.m
https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
http://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/iSignalDeltaTest.m
https://en.wikipedia.org/wiki/Dirac_delta_function
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal8.zip
https://terpconnect.umd.edu/~toh/spectrum/isignaloctave.m
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You try it: Here's an experiment you can try using iSignal. This uses a previously recorded example of 

a very noisy signal with lots of high-frequency (blue) noise totally obscuring a perfectly good peak in 

the center at x=150, height=1e-4, and SNR=90. First, download iSignal.m and NoisySignal.mat into the 

Matlab search path, then execute these statements: 

>> load NoisySignal  

>> isignal(x,y);  

Use the A and Z keys to increase and decrease the smooth width, and the S key to cycle through the 

available smooth types. Hint: use the ñp-splineò smooth and keep increasing the smooth width until the 

peak becomes visible. (Unfortunately, iSignal does not currently work in Octave, but it does work in a 

Web browser using Matlab Online. See https://www.mathworks.com/products/matlab-online.html). 

Note: If you are reading this online, you can right-click on any of the m-file links on this site and select 

Save Link As... to download them to your computer for use within Matlab.  

Live script for smoothing 

Here is an interactive Matlab Live Script for performing several types of smoothing applied to 

experimental data stored on disk (page 368, download link: DataSmoothing.mlx). It can perform spike 

removal, sliding average smooths with up to 5 passes, Savitsky-Golay and Fourier low-pass filtering 

(page 128), and wavelet denoising (page 133, which requires the Matlab Wavelet Toolkit). Clicking the 

Open data file button in line 1 opens a file browser, allowing you to navigate to your data file (in .csv 

or .xlsx format. The script assumes that your x,y data are in the first two columns). All the variables 

and settings appear in the Matlab workspace as usual. The finished smoothed data are in the vector 

"sy". 

https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/NoisySignal.mat
https://terpconnect.umd.edu/~toh/spectrum/NoisySignal.mat
https://www.mathworks.com/products/matlab-online.html
https://terpconnect.umd.edu/~toh/spectrum/DataSmoothing.mlx
https://www.mathworks.com/products/wavelet.html
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The script has several interactive controls. The startpc and endpc sliders in lines 7 and 8 allow you to 

select which portion of the data range to process, from 0% to 100% of the total range of the data file. 

The RemoveSpikes checkbox applies a median filter (page 50) to remove sharp narrow spikes. 

SmoothType drop-down menu in line 13 selects the smoothing algorithm - each has one or more 

controls specific to that smooth type in lines 16 to 30. The first choice is the recursive sliding average 

(fastsmooth.m) algorithm (page 42). The smooth width and number of passes are controlled by the 

sliders in lines 16 and 17. The other controls are explained in the accompanying comment lines (in 

green). Fourier filtering, Savitsky-Golay and wavelet denoising are topics that will be explained in later 

sections. The PlotBeforeAndAfter checkbox in line 3 gives you the option of plotting the original 

signal (in black) along with the processed signal (in red). The FrequencySpectra checkbox in line 4 

allows you to show the frequency spectrum of the original and/or processed signals (page 94). Note: to 

view the graphic plots to the right of the code, as shown above, right-click on the empty space on the 

right and select "Disable synchronous scrolling". Note: you can double-click any of the sliders to 

change their ranges if the initial range is insufficient. See page 370 for other interactive tools. 

file:///C:/Users/tomoh/Dropbox/SPECTRUM/fastsmooth.m
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Smoothing performance comparison 

The Matlab/Octave function "MultiPeakOptimization.m" is a self-contained function that compares the 

performance of four types of linear smooth operations: (1) sliding-average rectangular, (2) triangular, 

(3) p-spline (equivalent to three passes of a sliding-average), and (4) Savitzky-Golay. These are the 

four smooth types discussed above, corresponding to the four values of the ñSmoothModeò input 

argument of the ProcessSignal and the interactive iSignal functions. These four smooth operations are 

applied to a 18000-point signal consisting of 181 Gaussian peaks all with a height of 1.0 and a FWHM 

(full -width at half-maximum) of 20 points (ñwidò, line 10), which are all separated by an x-value of 

160.01 (line 16), plus added noise consisting of normally-distributed random white noise with a mean 

of zero and a standard deviation of ñNoiseò (line 20). The x-axis peak position and y-axis height of 

each smoothed peak is determined by the height and position of the maximum single signal point for 

each peak. The relative standard deviation of the measured peak heights is recorded as a function of 

ñtotal smooth widthò, tsw, which is defined as the halfwidth of the impulse response of each smooth 

type. The results are shown in the figure below for a peak halfwidth of 20 and a noise standard 

deviation of 0.2 (i.e., 20% of the peak height).  
 

The four quadrants of the graph are: (upper left) peak position error expressed as a percentage of the 

peak separation, (upper right) the mean peak height of the smoothed peaks, (lower left) the standard 

deviation of the smoothed noise, and (lower right) the relative standard deviation of the measured peak 

heights. The different smooth types are indicated by color: blue - sliding-average; red - triangular; 

yellow - p-spline, and purple - Savitzky-Golay. 
 

These results show that the results of these different smooth types are quite similar but that, the 

Savitzky-Golay smooth gives the smallest reduction in peak height but the smallest reduction in noise 

amplitude, compared to the other methods. All these smoothing methods result in similar 

improvements in the standard deviation of the peak height (bottom right panel) and in the peak position 

error (upper left panel). Moreover, in all cases, the optimum performance is achieved when the total 

smooth width is approximately equal to the halfwidth of the peak. The conclusions are the same for a 

https://terpconnect.umd.edu/~toh/spectrum/smoothdemo.m
https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://en.wikipedia.org/wiki/Full_width_at_half_maximum
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Lorentzian peak, as demonstrated by a similar function "MultiPeakOptimizationLorentzian.m", 

graphic, the difference being that the peak height reduction is greater for the Lorentzian. For 

applications where the shape of the signal must be preserved as much as possible, the Savitzky-Golay 

smooth is a good choice. In peak detection applications (page 68), on the other hand, where the purpose 

of smoothing is to reduce the noise in the derivative signal, the retention of the shape of that derivative 

is less important because peak parameters are determined by least-squares fitting. Therefore, the 

triangular or p-spline smooth is well suited to this purpose and can be faster for very large smooth 

widths.  
 

The differences between these methods are even less when the abscissas in the above graphs are 

changed from total smooth bandwidth to white noise reduction factor, defined as the square root of the 

reciprocal of the sum of the square of the impulse response function, as shown below. 

 

An important detail is that these results apply only of the noise in the signal is white (page 27). If you 

smooth a signal that has been differentiated, for example, the second derivative of a Gaussian peak with 

white noise (graphic), high-frequency content of both the signal and the noise are greatly enhanced, and 

these results will be different, showing much poorer relative performance for the simple moving 

average (graphic). The Savitzky-Golay smooth remains superior in this case also. A more sophisticated 

method of noise reduction, called wavelet denoising, will be introduced on page 132. 

  

https://terpconnect.umd.edu/~toh/spectrum/MultiPeakOptimizationLorentzian.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothingComparisonMultiplePeaksLorentzianFigure2Noise01.png
https://terpconnect.umd.edu/~toh/spectrum/dsmooth2b.GIF
https://terpconnect.umd.edu/~toh/spectrum/SmoothingComparisonGaussian2ndDerivativeFigure2Noise01.png
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?ŔŉŉĲƖĲŰƣŔċƣŔŸŰ 
The symbolic differentiation of functions is a topic that is introduced in all elementary Calculus 

courses. The numerical differentiation of digitized signals is an application of this concept that has 

many uses in analytical signal processing. The first 

derivative of a signal is the rate of change of y with 

x, that is, dy/dx, which we interpret as the slope of 

the tangent to the signal at each point, as illustrated 

by the animation shown on the left by this script. (If 

the animation does not show, click this link). The 

simplest algorithm for computing the first derivative 

is called a ñfinite differenceò method: 

(for 1< j <n-1). 

where X'j and Y'j are the X and Y values of the j
th 

point of the derivative, n = number of points in the signal, and X is the difference between the X 

values of adjacent data points. A commonly used variation of this algorithm computes the average 

slope between three adjacent points: 

(for 2 < j <n-1). 

This is called a central-difference method. Its advantage is that it does not produce a shift in the x-axis 

position of the derivative. It is also possible to compute gap-segment derivatives in which the x-axis 

interval between the points in the above expressions is greater than one: for example, Yj-2 and Yj+2, or 

Yj-3 and Yj+3, etc. This is equivalent to applying a sliding-average (rectangular) smooth (page 40) in 

addition to the derivative.  

The second derivative is the derivative of the derivative: it is a measure of the curvature of the signal, 

that is, the rate of change of the slope of the signal. It can be calculated by applying the first derivative 

calculation twice in succession. The simplest algorithm for direct computation of the second derivative 

in one step is: 

(for 2 < j <n-1). 

Similarly, higher derivative orders can be computed using the appropriate sequence of coefficients: for 

example, +1, -2, +2, -1 for the third derivative and +1, -4, +6, -4, +1 for the 4th derivative, although 

these derivatives can also be computed simply by taking successive lower order derivatives. The first 

derivative we interpret as the slope of the original signal at each point and the second derivative as the 

curvature. Where the signal curvature is concave-down, the second derivative is negative, and where 

http://en.wikipedia.org/wiki/Derivative
http://en.wikipedia.org/wiki/Slope
http://en.wikipedia.org/wiki/Tangent
https://terpconnect.umd.edu/~toh/spectrum/SlopeAnimation.m
https://terpconnect.umd.edu/~toh/spectrum/SlopeAnimation.gif
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the signal is concave-up, the second derivative is positive. For higher derivatives, we have no single-

word labels, at least in English. Each derivative is just the rate of change of the one before it. 

The Savitzky-Golay smooth (page 40) can also be used as a differentiation algorithm with the 

appropriate choice of input arguments. It neatly combines differentiation and smoothing into one 

algorithm. 

The accuracy of numerical differentiation is demonstrated by the Matlab/Octave script 

GaussianDerivatives.m (graphic link), which compares the exact analytical expressions for the 

derivatives of a Gaussian (readily obtained from Wolfram Alpha) to the numerical values obtained by 

the expressions above, demonstrating that the shape and amplitude of the derivatives are an exact 

match as long as the sampling interval is not too coarse. It also demonstrates that you can obtain the 

numerical nth derivative exactly by applying ñnò successive first differentiations. Ultimately, the 

numerical precision limitation of the computer could be a limitation, but only in some extreme cases, as 

demonstrated on page 340. (An alternative differentiation method based on the Fourier Transform, 

page 94, can calculate any derivative order but has not been used much in practice. See reference 88). 

7ċƚŔĦШÂƖŸƓĲƖƣŔĲƚШŸŉШ?ĲƖŔƻċƣŔƻĲШÉŔŊŰċũƚ 
The figure on the left shows 

the results of the successive 

differentiation of a 

computer-generated 

Gaussian peak. The signal 

in each of the four windows 

is the first derivative of the 

one before it. That is, 

Window 2 is the first 

derivative of Window 1, 

Window 3 is the first 

derivative of Window 2, 

Window 3 is the second 

derivative of Window 1, and 

so on. You can predict the 

shape of each signal by 

recalling that the derivative 

is simply the slope of the original signal: where a signal slopes up, its derivative is positive. Where a 

signal slopes down, its derivative is negative. Where a signal is flat, its derivative is zero. 

(Matlab/Octave code for this figure.) 

The sigmoidal signal shown in Window 1 has an inflection point (the point where the slope is 

maximum) at the center of the x-axis range. This corresponds to the maximum in its first derivative 

(Window 2) and to the zero-crossing (point where the signal crosses the x-axis going either from 

positive to negative or vice versa) in the second derivative in Window 3. This behavior can be useful 

for precisely locating the inflection point in a sigmoid signal, by computing the location of the zero-

crossing in its second derivative. Similarly, the location of the maximum in a peak-type signal can be 

http://en.wikipedia.org/wiki/Savitzky–Golay_smoothing_filter
https://terpconnect.umd.edu/~toh/spectrum/GaussianDerivatives.m
https://terpconnect.umd.edu/~toh/spectrum/GaussianDerivatives.png
http://www.wolframalpha.com/input/?i=second+derivative+of+gaussian
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#Numerical
https://terpconnect.umd.edu/~toh/spectrum/derivdemo1.m
https://en.wikipedia.org/wiki/Sigmoid_function
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm
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computed precisely by computing the location of the zero-crossing in its first derivative. Different peak 

shapes have different derivatives shapes: the Matlab/Octave function DerivativeShapeDemo.m 

demonstrates the first derivative forms of 16 different model peak shapes (graphic on page 424). Any 

smooth peak shape with a single maximum has sequential derivatives that exhibit a series of 

alternating maxima and minima, the total number of which is one more than the derivative order. The 

even-order derivatives have a maximum or a minimum at the peak center, and the odd-order derivatives 

have a zero-crossing at the peak center (Matlab/Octave code). You can also see here that the numerical 
magnitude of the derivatives (y-axis values) is much less than the original signal because derivatives 

are the differences between adjacent y values, divided by the independent variable increment. (It is the 

same reason the odometer in your car usually displays a much larger number than the speedometer 

(unless your car is very new, and you drive very fast). The speedometer is essentially the first derivative 

of the odometer). 

An important property of 

the differentiation of peak-

type signals is the effect of 

the peak width on the 

amplitude of derivatives. 

The figure on the left 

shows the results of the 

successive differentiation 

of two computer-generated 

Gaussian bands. The two 

bands have the same 

amplitude (peak height) 

but one of them is exactly 

twice the width of the 

other. As you can see, the 

wider peak has a smaller 

derivative amplitude, and 

the effect becomes more noticeable at higher derivative orders. In general, the amplitude of the nth 

derivative of a peak is inversely proportional to the nth power of its width, for signals having the same 

shape and amplitude. Thus, differentiation in effect discriminates against wider peaks and the higher 

the order of differentiation the greater the discrimination. This behavior can be useful in quantitative 

analytical applications for detecting peaks that are superimposed on and obscured by stronger but 

broader background peaks. (Matlab/Octave code for this figure). The amplitude of a derivative of a 

peak also depends on the shape of the peak and is directly proportional to its peak height. Gaussian and 

Lorentzian peak shapes have slightly different first and second derivative shapes and amplitudes. The 

amplitude of the nth derivative of a Gaussian peak of height H and width W can be estimated by the 

empirical equation H*(10^(0.027*n^2+n*0.45-0.31)).*W^(-n), where W is the full width at half 

maximum (FWHM) measured in the number of x,y data points.  

Although differentiation completely changes the shape of peak-type signals, a periodic signal like a 

https://terpconnect.umd.edu/~toh/spectrum/DerivativeShapeDemo.m
https://terpconnect.umd.edu/~toh/spectrum/DerivativeShapes.m
https://en.wikipedia.org/wiki/Odometer
https://terpconnect.umd.edu/~toh/spectrum/derivdemo2.m
https://terpconnect.umd.edu/~toh/spectrum/FirstDerivativeGaussVsLor.png
https://terpconnect.umd.edu/~toh/spectrum/SecondDerivativeGaussVsLor.png
https://terpconnect.umd.edu/~toh/spectrum/DerivativeScaling.m
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sine wave signal behaves very differently. The derivative of a sine wave of frequency f is a phase-

shifted sine wave, or cosine wave, of the same frequency and with an amplitude that is proportional to f, 

as can be demonstrated in Wolfram Alpha. The derivative of a periodic signal containing several sine 

components of different frequency will still contain those same frequencies, but with altered amplitudes 

and phases. For this reason, when you take the derivative of a music or speech signal, the music or 

speech is still completely recognizable, but with the high frequencies increased in amplitude compared 

to the low frequencies, and as a result, it sounds "thin" or "tinny". See page 394 for an example. 

ƓƓũŔĦċƣŔŸŰƚШŸŉШ?ŔŉŉĲƖĲŰƣŔċƣŔŸŰ 
A simple example of the application of the differentiation of experimental signals is shown in the figure 

below. This signal is typical of the type of signal recorded in amperometric titrations and some kinds of 

thermal analysis and kinetic experiments: a series of straight-line segments of different slope. The 

objective is to determine how many segments there are, where the breaks between them fall, and the 

slopes of each segment. This is difficult to do from the raw data because the slope differences are small, 

and the resolution of the computer screen display is the limiting factor. The task is much simpler if the 

first derivative (slope) of the signal is calculated (below right). Each segment is now clearly seen as a 

separate step whose height (y-axis value) is the slope. The y-axis now takes on the units of dy/dx. Note 

that in this example the steps in the derivative signal are not completely flat, indicating that the line 

segments in the original signal were not perfectly straight. This is most likely due to random noise in 

the original signal. Although this noise was not particularly evident in the original signal, it is more 

noticeable in the derivative.  

 

 
The signal on the left seems to be a more-or-less straight line, but its numerically calculated derivative 

(dx/dy), plotted on the right, shows that the line in fact has several approximately straight-line 

segments with distinctly different slopes and with well-defined breaks between each segment. 

 

It is commonly observed that differentiation degrades the signal-to-noise ratio unless the differentiation 

algorithm includes smoothing (page 40) that is carefully optimized for each application. Numerical 

algorithms for differentiation are as numerous as for smoothing and must be carefully chosen to control 

signal-to-noise ratio degradation (page 72). 

https://en.wikipedia.org/wiki/Sine_wave
http://whatis.techtarget.com/definition/cosine-wave
http://www.wolframalpha.com/input/?i=deriv%28sin%28f*t%29%29
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html#sounds
https://en.wikipedia.org/wiki/Amperometric_titration
https://en.wikipedia.org/wiki/Thermal_analysis
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A classic use of second differentiation in chemical analysis is in the location of endpoints in 

potentiometric titration. In most titrations, the titration curve has a sigmoidal shape and the inflection 

point, the point where the slope is maximum and the curvature is zero, indicates the endpoint. The first 

derivative of the titration curve will, therefore, exhibit a maximum at the inflection point, and the 

second derivative will exhibit a zero-crossing at that point. Maxima and zero crossings are usually 

much easier to locate precisely than inflection points. 

 
The signal on the left is the pH titration curve of a very weak acid with a strong base, with volume in 

mL on the X-axis and pH on the Y-axis. The endpoint is the point of the greatest slope. This is also an 

inflection point, where the curvature of the signal is zero. With a weak acid such as this, it is difficult to 

locate this point precisely from the original titration curve. The endpoint is much more easily located in 

the second derivative, shown on the right, as the zero-crossing. 

 

The figure above shows a pH titration curve of a very weak acid with a strong base, with volume in mL 

on the X-axis and pH on the Y-axis. The volumetric equivalence point (the "theoretical" endpoint) is 20 

mL. The endpoint is the point of the greatest slope. This is also an inflection point, where the curvature 

of the signal is zero. With a weak acid such as this, it is difficult to locate this point precisely from the 

original titration curve. The second derivative of the curve is shown in Window 2 on the right. The 

zero-crossing of the second derivative corresponds to the endpoint and is much more precisely 

measurable. Note that in the second derivative plot, both the x-axis and the y-axis scales have been 

expanded to show the zero-crossing point more clearly. The 

dotted lines show that the zero-crossing falls at about 19.4 mL, 

close to the theoretical value of 20 mL. 

Derivatives can also be used to detect unexpected asymmetry in 

apparently symmetrical peaks. For example, pure Gaussian peaks 

are symmetrical, but the real peaks encountered in science are 

sometimes asymmetrical. If the degree of broadening is small, it 

can be difficult to detect visually, and that is where differentiation 

can help. The Matlab/Octave script DerivativeEMGDemo.m 

(graphic) shows the 1st through 5th derivatives of a slightly 

asymmetrical Gaussians. The second derivative most clearly 

shows unequal positive peaks that would be expected to be equal 

for a purely symmetrical peak. The higher derivatives offer no 

http://zimmer.csufresno.edu/~davidz/Chem102/Derivative/Derivative.html
https://en.wikipedia.org/wiki/Potentiometric_titration
https://www.khanacademy.org/test-prep/mcat/chemical-processes/titrations-and-solubility-equilibria/a/acid-base-titration-curves
https://terpconnect.umd.edu/~toh/spectrum/DerivativeEMGDemo.m
https://terpconnect.umd.edu/~toh/spectrum/DerivativeEMGDemo.png
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clear advantage and are more susceptible to white noise in the signal. Another example of asymmetry 

occurs if a Gaussian peak is heavily overlapped by a smaller peak with a slightly different peak center. 

The script DerivativePeakOverlapDemo (graphic) shows the 1st through 5th derivatives of two 

overlapping Gaussians where the second peak is so small and so close that it is impossible to discern 

visually, but again the second derivative shows the asymmetry clearly by comparing the heights of the 

two positive peaks. DerivativePeakOverlap.m detects the minimum extent of peak overlap by the first 

and second derivatives, looking for the point at which two peaks are visible. For each trial separation, it 

prints out the separation, resolution, and the number of peaks detected in the first and second 

derivatives.  

Derivatives can even be used to correct peak asymmetry, by adding a weighted portion of the first 

derivative to the original peak, as described in the section on peak sharpening on page 83. 

ÂĲċťШĬĲƣĲĦƣŔŸŰ 
 A very common use of differentiation is in the detection of peaks in a signal, especially to 

automatically determine the number of peaks and their locations. It is clear from the basic properties 

described in the previous section that the first derivative of a peak has a downward-going zero-crossing 

at the peak maximum, which can be used to locate the x-value of the peak, as shown on the right 

(script). If there is no noise in the signal, then any data point that has lower values on both sides of it 

will be a peak maximum. But there is always at least a little noise in real experimental signals, and that 

will cause many false zero-crossings simply due to the noise. To avoid this problem, one popular 

technique smooths the first derivative of the signal first, before looking for downward-going zero-

crossings, and then takes only those zero-

crossings whose slope exceeds a certain 

predetermined minimum (called the "slope 

threshold") at a point where the original 

signal amplitude exceeds a certain minimum 

(called the "amplitude threshold"). By 

carefully adjusting the smooth width, slope 

threshold, and amplitude threshold, it is 

possible to detect only the desired peaks over 

a wide range of peak widths and ignore peaks 

that are too small, too wide, or too narrow. 

Moreover, because smoothing can distort 

peak signals, reducing peak heights, and 

increasing peak widths (page 40), this 

technique can be extended to measure the 

position, height, and width of each peak by 

least-squares curve-fitting of a segment of original unsmoothed signal near the top of the peak (where 

the signal-to-noise ratio is usually the best). Thus, even if heavy smoothing is necessary to provide 

reliable discrimination against noise, the peak parameters extracted by curve fitting are not distorted, 

and the effect of random noise in the signal is reduced by curve fitting over multiple data points in the 

peak. This technique has been implemented in Matlab/Octave (page 75) and in spreadsheets (page 75). 

https://terpconnect.umd.edu/~toh/spectrum/DerivativePeakOverlapDemo.m
https://terpconnect.umd.edu/~toh/spectrum/DerivativePeakOverlapDemo.png
https://terpconnect.umd.edu/~toh/spectrum/DerivativePeakOverlapDemo.m
https://terpconnect.umd.edu/~toh/spectrum/peakdetection.m
https://www.google.com/search?q=peak+detection&oq=peak+detection&aqs=chrome..69i57j0l5.3200j0j4&sourceid=chrome&ie=UTF-8
https://www.google.com/search?q=peak+detection&oq=peak+detection&aqs=chrome..69i57j0l5.3200j0j4&sourceid=chrome&ie=UTF-8
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#Optimization
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#Optimization
https://terpconnect.umd.edu/~toh/spectrum/CurveFitting.html
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm#Spreadsheet
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Peak detection algorithms like this are widely applied in spectroscopy, biomedical research, 

environmental monitoring, financial analysis, image processing, neuroscience, physics and material 

science, chemistry and chromatography, speech, and audio processing (reference 100). 

?ĲƖŔƻċƣŔƻĲШÉƓĲĦƣƖŸƚĦŸƓǃ 
In spectroscopy, the differentiation of spectra is a widely used technique, particularly in infra-red, u.v.-

visible absorption, fluorescence, and reflectance spectrophotometry, referred to as derivative 

spectroscopy. Derivative methods have been used in analytical spectroscopy for three main purposes. 

(a) Spectral discrimination, as a qualitative fingerprinting technique to accentuate small structural 

differences between nearly identical spectra. 
 

(b) Spectral resolution enhancement (peak sharpening), as a technique for increasing the apparent 

resolution of overlapping spectral bands in order to more easily determine the number of bands and 

their wavelengths.  
 

(c) Quantitative analysis, as a technique for the correction for irrelevant background absorption and to 

facilitate multicomponent analysis. (Because differentiation is a linear technique, the amplitude of a 

derivative is proportional to the amplitude of the original signal, which allows quantitative analysis 

applications employing any of the standard calibration techniques (page 465). Most commercial 

spectrophotometers now have a built-in derivative capability. Some instruments are designed to 

measure the spectral derivatives optically, using dual-wavelength or wavelength modulation designs. 

Because the amplitude of the nth derivative of a peak-shaped signal is inversely proportional to the nth 

power of the width of the peak, differentiation may be employed as a general way to discriminate 

against broad spectral features in favor of narrow components. This is the basis for the application of 

differentiation as a method of correction for background signals in quantitative spectrophotometric 

analysis. Very often in the practical applications of spectrophotometry to the analysis of complex 

samples, the spectral bands of the analyte (i.e., the compound to be measured) are superimposed on a 

broad, gradually curved background. Background signals of this type can be reduced by differentiation.  

This idea is 

illustrated by the 

figure on the left, 

which shows a 

simulated UV 

spectrum 

(absorbance vs 

wavelength in nm), 

with the green curve representing the spectrum of the pure analyte and the red line representing the 

spectrum of a mixture containing the analyte plus other components that give rise to the large sloping 

ñbackgroundò absorption. The first derivatives of these two signals are shown in the center. You can see 

that the difference between the pure analyte spectrum (green) and the mixture spectrum (red) is 

reduced. This effect is considerably enhanced in the second derivative, shown on the right. In this case, 

the spectra of the pure analyte and of the mixture are almost identical. For this technique to work, it is 

http://www.youngin.com/application/AN-0608-0115EN.pdf
http://books.google.com/books?id=Q5V4AiCpqHYC&pg=RA1-PA155&lpg=RA1-PA155&dq=derivative+fluorescence+o%27haver&source=web&ots=6CpSnrbGP1&sig=GimVmSI-S6v6-pWh4XZWqCfEuLE&hl=en&sa=X&oi=book_result&resnum=1&ct=result
http://ser.sese.asu.edu/SPECTRA/
http://www.google.com/search?hl=en&client=firefox-a&rls=org.mozilla%3Aen-US%3Aofficial&hs=TM1&q=derivative+spectroscopy+application&btnG=Search
http://www.google.com/search?hl=en&client=firefox-a&rls=org.mozilla%3Aen-US%3Aofficial&hs=TM1&q=derivative+spectroscopy+application&btnG=Search
https://terpconnect.umd.edu/~toh/models/Bracket.html
https://terpconnect.umd.edu/~toh/models/DualWave1.html
https://terpconnect.umd.edu/~toh/models/modspec.html
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necessary that the background absorption be broader (that is, have lower curvature) than the analyte 

spectral peak, but this turns out to be a rather common situation. Because of their greater discrimination 

against broad background, second (and sometimes even higher order) derivatives are often used for 

such purposes. See DerivativeDemo.m for a Matlab/Octave. 

It is sometimes (mistakenly) said that differentiation "increases the sensitivity" of analysis. You can see 

how it would be tempting to say something like that by inspecting the three figures above. It does seem 

that the signal amplitude of the derivatives is greater than that of the original analyte signal (at least 

graphically). However, it is not valid to compare the amplitudes of signals and their derivatives because 

they have different units. The y-axis units of the original spectrum are absorbance. The units of the first 

derivative are absorbance per nm, and the units of the second derivative are absorbance per nm2. You 

cannot compare absorbance to absorbance per nm any more than you can compare miles to miles per 

hour. (It is meaningless, for instance, to say that a speed of 30 miles per hour is greater than a distance 

of 20 miles.) You can, however, compare the signal-to-background ratio and the signal-to-noise ratio. 

For instance, in the above example, it would be valid to say that the signal-to-background ratio is better 

(higher) in the derivatives. 

Loosely speaking, the opposite of differentiation is integration, so if you take the first derivative of a 

signal, you might expect to be able to regenerate the original (zeroth derivative) by integration. 

However, there is a catch. The constant term in the original signal (like a flat baseline) is completely 

lost in differentiation. Integration cannot restore it. So strictly speaking, differentiation represents a net 

loss of information, and therefore differentiation should only be used in situations where the constant 

term in the original signal is not of interest. 

There are several ways to measure the amplitude of a derivative spectrum for quantitative chemical 

analysis: the absolute value of the derivative at a specific wavelength, the value of a specific feature 

(such as a maximum), or the difference between a maximum and a minimum. Another widely used 

technique is the zero-crossing measurement - taking readings derivative amplitude at the wavelength 

where an interfering peak crosses the zero on the y (amplitude) axis. In all these cases, it is important to 

measure the standards and the unknown samples in the same way. Also, because the amplitude of a 

derivative of a peak depends strongly on its width, it is important to control environmental factors that 

might change spectral peak width subtlety, such as temperature. 

ÑƖċĦĲШ ŰċũǃƚŔƚ 
One of the widest uses of the derivative signal processing technique in practical analytical work is in 

the measurement of small (ñtraceò) amounts of substances in the presence of large amounts of 

potentially interfering materials. In such applications, it is common that the analytical signals are weak, 

noisy, and superimposed on large background signals. Measurement precision is often degraded by 

sample-to-sample baseline shifts due to non-specific broadband absorption, non-reproducible cuvette 

(sample cell) positioning, dirt or fingerprints on the cuvette walls, imperfect cuvette transmission 

matching, and solution turbidity. Baseline shifts from these sources are usually either wavelength-

independent (light blockage caused by bubbles or large suspended particles) or exhibit a weak 

wavelength dependence (small-particle turbidity). Therefore, you can expect that differentiation will in 

general help to discriminate relevant absorption from these sources of baseline shift. An obvious 

https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html#DerivativeDemo
https://www.google.com/search?q=opposite+of+differentiation+is+integration&ie=utf-8&oe=utf-8&aq=t&rls=org.mozilla:en-US:unofficial&client=seamonkey-a
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benefit of the suppression of broad background by differentiation is that variations in the background 

amplitude from sample to sample are also reduced. This can result in improved precision or 

measurement in many instances, especially when the analyte signal is small relative to the background 

or if there is a lot of uncontrolled variability in the background. An example of the improved ability to 

detect trace component in the presence of strong background interference is shown in this figure: 
 

 

The absorption spectrum on the left shows a weak shoulder near the center due to a small 

concentration of the substance that is to be measured (e.g., the active ingredient in pharmaceutical 

preparations). The peak is obscured by the strong background caused by other substances in the 

sample. The fourth derivative of this spectrum is shown on the right. The background has been almost 

completely suppressed and the analyte peak now stands out clearly, facilitating measurement. 

The spectrum on the left shows a weak shoulder near the center (at x=130) due to the analyte. The 

signal-to-noise ratio is very good in this spectrum, but despite that, the broad, sloping background 

obscures the peak and makes quantitative measurement very difficult. The fourth derivative of this 

spectrum is shown on the right. The background has been almost completely suppressed and the 

analyte peak now stands out clearly, facilitating measurement. An even more dramatic case is shown 

below. This is essentially the same spectrum as in the figure above, except that the concentration of the 

analyte is ten times lower. The question is: is there a detectable amount of analyte in this spectrum? 

This is quite impossible to say from the normal spectrum, but inspection of the fourth derivative (right) 

shows that the answer is yes. Some noise is visually evident here, but nevertheless the signal-to-noise 

ratio is sufficiently good for a reasonable quantitative measurement. 

 
Like the previous figure, but in this case the peak is ten times lower - so weak that it cannot even be 

seen in the spectrum on the left. The fourth derivative (right) shows that a peak is still there, but much 

reduced in amplitude (note the smaller y-axis scale) and in signal-to-noise ratio. 
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This use of signal differentiation has become widely used in quantitative spectroscopy, particularly for 

quality control in the pharmaceutical industry. In that application, the analyte would typically be the 

active ingredient in a pharmaceutical preparation and the background interferences might arise from the 

presence of fillers, emulsifiers, flavoring or coloring agents, buffers, stabilizers, or other excipients. Of 

course, in trace analysis applications, care must be taken to optimize the signal-to-noise ratio of the 

instrument as much as possible. 

Although it will eventually be shown that more advanced techniques such as curve fitting (page 199) 

can also perform many of these quantitative measurement tasks quite well (page 298), the derivative 

techniques have the advantage of conceptual and mathematical simplicity and an easily understood 

graphical way of presenting data. 

?ĲƖŔƻċƣŔƻĲƚШċŰĬШ ŸŔƚĲаШÑőĲШfůƓŸƖƣċŰĦĲШŸŉШÉůŸŸƣőŔŰŊ 
It is often said that "differentiation 

increases the noise". That is true, 

but it is not the main problem. In 

fact, computing the unsmoothed 

first derivative of a set of random 

numbers increases its standard 

deviation by only the square root 

of 2, simply due to the usual 

propagation of errors of the sum 

or difference between two 

numbers. As an example, the 

standard deviation (std) of the 

numbers generated by the 

Matlab/Octave randn function is 

1.0 and the standard deviation of 

its first derivative, std( deriv1 (randn(size(1:10000)))) , equals about 1.4. But even a little bit 

of smoothing (page 40) applied to the derivative will reduce this standard deviation greatly, e.g. a 2-

point smooth applied by the fastsmooth function, std( fastsmooth (deriv1(randn(size  

(1:10000))),2,3)) , equals about 0.4.  
 

More important is the fact that the signal-to-noise ratio of an unsmoothed derivative is almost always 

much lower (poorer) than that of the original signal, mainly because the numerical amplitude of the 

derivative is usually much smaller (as you can see for yourself in all the examples on this page). But 

smoothing is always used in any practical application to control this problem. With optimal smoothing, 

the signal-to-noise of a derivative can even be greater than the unsmoothed original. For the successful 

application of differentiation in quantitative analytical applications, it is essential to use differentiation 

in combination with sufficient smoothing, to optimize the signal-to-noise ratio. This is illustrated in the 

figure on the left. (Matlab code for this figure.) Window 1 shows a Gaussian band with a small amount 

of added white noise. Windows 2, 3, and 4, show the first derivative of that signal with increasing 

smooth widths. As you can see, without enough smoothing, the signal-to-noise ratio of the derivative 

can be substantially poorer than the original signal. However, with adequate amounts of smoothing, 

http://www.google.com/search?hl=en&client=firefox-a&rls=org.mozilla%3Aen-US%3Aofficial&hs=TM1&q=derivative+spectroscopy+application&btnG=Search
http://www.google.com/search?hl=en&client=firefox-a&rls=org.mozilla%3Aen-US%3Aofficial&hs=x1L&q=derivative+spectroscopy+pharmaceutical&btnG=Search
https://terpconnect.umd.edu/~toh/models/AbsSlitWidth.html
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#comparison
https://terpconnect.umd.edu/~toh/spectrum/ErrorPropagation.pdf
https://terpconnect.umd.edu/~toh/spectrum/deriv1.m
https://terpconnect.umd.edu/~toh/spectrum/fastsmooth.m
https://terpconnect.umd.edu/~toh/spectrum/derivdemo3.m
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the signal-to-noise ratio of the smoothed derivative is much better and can even be visibly better than 

that of the unsmoothed original.  
 

This effect of smoothing derivatives is even more striking in the second derivative, as shown on the 

right (Matlab/Octave code for this figure). In this case, the signal-to-noise ratio of the unsmoothed 

second derivative (Window 2) 

is so poor you cannot even see 

the signal visually, but the 

smoothed second derivative 

looks fine. Differentiation does 

not actually add noise to the 

signal. If there were no noise at 

all in the original signal, then 

the derivatives would also have 

no noise (exception: see page 

340). 

What is particularly interesting 

about the noise in these 

derivative signals, however, is 

the noise "color". This noise is 

not white. Rather, it is blue - 

that is, it has much more power at high frequencies than white noise. The consequence of this is that 

the noise in the differentiated signal is easily reduced greatly by smoothing, as demonstrated above. 

Because sliding-average smoothing and differentiation are both linear operations, it makes no 

difference whether the smooth operation is applied before or after the differentiation. What is 

important, however, is the nature of the smooth, its smooth ratio (ratio of the smooth width to the width 

of the original peak), and the number of times the signal is smoothed. The optimum value of the 

smooth ratio for derivative signals is approximately 0.5 to 1.0. For a first derivative, two applications of 

a simple rectangular sliding-average smooth (or one application of a triangular smooth) is adequate. 

For a second derivative, three applications of a simple rectangular smooth or two applications of a 

triangular smooth are adequate. The general rule is this: for the nth derivative, use a smooth that is the 

equivalent of at least n+1 applications of a rectangular smooth. The Savitzky-Golay method is ideal for 

computing smoothed derivatives because it combines differentiation with the right kind of smoothing. 

The Matlab signal processing program iSignal, discussed on page 376, uses this approach. 

If the peak widths vary substantially across the signal recording - for example, if the peaks get regularly 

wider as the x-value increases - then it may be helpful to use a segmented smooth (page 333), in which 

the smooth width is made to vary across the signal. 

Smoothing derivative signals usually results in a substantial attenuation of the derivative amplitude. In 

the figure on the right above, the amplitude of the most heavily smoothed derivative (in Window 4) is 

much less than its less-smoothed version (Window 3). However, this will not be a problem in 

quantitative analysis applications, if the standard (analytical) curve is prepared using the exact same 

https://terpconnect.umd.edu/~toh/spectrum/derivdemo4.m
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/SavitzkyGolayHelpFile.txt
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#SegmentedSmooth
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derivative, smoothing, and measurement procedure as is applied to the unknown samples. Because 

differentiation and smoothing are both linear techniques, the amplitude of a smoothed derivative is 

exactly proportional to the amplitude of the original signal, which allows quantitative analysis 

applications employing any of the standard calibration techniques (page 465). If you apply the same 

signal-processing techniques to the standards as well as to the samples, everything works. 

Because of the different kinds and degrees of smoothing that might be incorporated into the 

computation of digital differentiation of experimental signals, it is difficult to compare the results of 

different instruments and experiments unless the details of these computations are known. In 

commercial instruments and software packages, these details may well be hidden. However, if you can 

obtain both the original (zeroth derivative) signal, as well as the derivative and/or smoothed version 

from the same instrument or software package, then the technique of Fourier deconvolution, which will 

be covered later, can be used to discover and duplicate the underlying hidden computations. 

Interestingly, neglecting to smooth a derivative was ultimately responsible for the failure of the first 

spacecraft of NASA's Mariner program on July 22, 1962, which was reported in InfoWorld's "11 

infamous software bugs". In his 1968 book "The Promise of Space", Arthur C. Clarke described the 

mission as "wrecked by the most expensive hyphen in history." The "hyphen" was in fact a superscript 

bar over the symbol for velocity (the first derivative of position), handwritten in a notebook. An 

overbar conventionally signifies an averaging or smoothing function, so the formula should have 

calculated the smoothed value of the time derivative of position. Without the smoothing function, even 

minor variations would cause its derivative to be very noisy and to trigger the corrective boosters to 

kick in prematurely, causing the rocket's flight to become unstable. (To be fair to those pioneering 

engineers, it was quite early in the history of space exploration). 
 

Video Demonstrations 

The first 13-second, 1.5 MByte video (SmoothDerivative2.wmv) demonstrates the huge signal-to-noise 

ratio improvements that are possible when smoothing derivative signals, in this case, a 4th derivative. 

The second video, 17-second, 1.1 MByte, (DerivativeBackground2.wmv ) demonstrates the 

measurement of a weak peak buried in a strong sloping background. At the beginning of this brief 

video, the amplitude (Amp) of the peak is adjusted between 0 and 0.14, but the background is so strong 

that the changes in peak amplitude, located at x = 500, are hardly visible. Then the fourth derivative 

(Order=4) is computed, and the scale expansion (Scale) is increased, with a smooth width (Smooth) of 

88. Finally, the amplitude (Amp) of the peak is varied again over the same range, but now the changes 

in the signal are now quite noticeable and easily measured.  
 

The differentiation of analog signals can be performed with a simple operational amplifier circuit. 

Two or more such circuits can be cascaded to obtain second and higher-order derivatives. The same 

noise problems described above apply to analog differentiation also, requiring the use of low-pass filter 

circuits that are analogous to smoothing.  

  

http://en.wikipedia.org/wiki/Linearity
https://terpconnect.umd.edu/~toh/models/Bracket.html
https://terpconnect.umd.edu/~toh/spectrum/Deconvolution.html
https://terpconnect.umd.edu/~toh/spectrum/Deconvolution.html
http://en.wikipedia.org/wiki/Mariner_program#Mariners_1_and_2
http://www.infoworld.com/d/security-central/epic-failures-11-infamous-software-bugs-891?page=0,1
http://www.infoworld.com/d/security-central/epic-failures-11-infamous-software-bugs-891?page=0,1
http://www.amazon.com/The-Promise-Space-Arthur-Clarke/dp/0425075656
https://terpconnect.umd.edu/~toh/spectrum/SmoothDerivative2.wmv
https://terpconnect.umd.edu/~toh/spectrum/DerivativeBackground2.wmv
https://terpconnect.umd.edu/~toh/ElectroSim/Differentiator.html
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?ŔŉŉĲƖĲŰƣŔċƣŔŸŰШŔŰШÉƓƖĲċĬƚőĲĲƣƚ 
Differentiation operations such as described above can readily be performed in spreadsheets such as 

Excel or OpenOffice Calc. Both the derivative and the required smoothing operations can be performed 

by the shift-and-multiply method described in the chapter on smoothing (page 40). In principle, it is 

possible to combine any degree of differentiation and smoothing into one set of shift-and-multiply 

coefficients (as illustrated here), but it is more flexible and easier to adjust if you compute the 

derivatives and each stage of smoothing separately in successive columns. This is illustrated by 

DerivativeSmoothing.ods for OpenOffice Calc and DerivativeSmoothing.xls for Excel, which smooths 

the data and computes the first derivative of Y (column B) with 

respect to X (column A), then applies that smoothing and 

differentiation process successively to compute the smoothed second 

and third derivatives. The same smoothing coefficients (in row 5, 

columns K through AA) are applied successively for each stage of 

differentiation. You can enter any set of numbers here (preferably 

symmetrical about the center number in column S). You can type or 

paste your own data into columns A and B (X and Y), rows 8 to 263. 

DerivativeSmoothingWithNoise.xlsx (right) demonstrates the effect 

of smoothing on the signal-to-noise ratio of derivatives of a weak 

peak located at x = 1200 on a 

sloping baseline. It uses the same 

data as DerivativeSmoothing.xls 

but adds simulated white noise to 

the Y data. You can control the 

amount of added noise (cell D5). 
 

Another example of a derivative application is the spreadsheet 

SecondDerivativeXY2.xlsx (left), which demonstrates locating and 

measuring changes in the second derivative (a measure of curvature 

or acceleration) of a time-changing signal. This spreadsheet shows 

the apparent increase in noise caused by differentiation and the 

extent to which the noise can be reduced by smoothing (in this case 

by two passes of a 5-point triangular smooth). The smoothed second 

derivative shows a large peak the point at which the acceleration 

changes (at x=30), and the baseline on either side of the peak is 

distinctly unequal, showing the change in the acceleration before and after the peak (y=2 and 4, 

respectively). Other examples of differentiation and smoothing by "shift-and-multiply" convolution 

include MultipleConvolutionFirstDerivativeDemo.xls and MultipleConvolution4thDerivativeDemo.xls 

?ŔŉŉĲƖĲŰƣŔċƣŔŸŰШŔŰШ~ċƣũċĤШċŰĬШÂǃƣőŸŰ 
Finite difference differentiation functions such as described above can easily be created in Matlab or 

Octave. Some simple derivative functions for equally-spaced time series data: deriv, a first derivative 

using the 2-point central-difference method, deriv1, an unsmoothed first derivative using adjacent 

https://terpconnect.umd.edu/~toh/spectrum/smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/CombinedDerivativesAndSmooths.txt
https://terpconnect.umd.edu/~toh/spectrum/DerivativeSmoothing.ods
https://terpconnect.umd.edu/~toh/spectrum/DerivativeSmoothing.ods
https://terpconnect.umd.edu/~toh/spectrum/DerivativeSmoothing.xls
https://terpconnect.umd.edu/~toh/spectrum/DerivativeSmoothingWithNoise.xlsx
https://terpconnect.umd.edu/~toh/spectrum/DerivativeSmoothing.xls
https://terpconnect.umd.edu/~toh/spectrum/SecondDerivativeXY2.xlsx
https://terpconnect.umd.edu/~toh/spectrum/SecondDerivativeXY2.png
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolutionFirstDerivativeDemo.xls
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolution4thDerivativeDemo.xls
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/deriv.m
https://terpconnect.umd.edu/~toh/spectrum/deriv1.m
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differences, deriv2, a second derivative using the 3-point central-difference method, a third derivative 

deriv3 using a 4-point formula, and deriv4, a 4th derivative using a 5-point formula. Each of these is a 

simple Matlab function of the form d=deriv(y). The input argument is a signal vector "y", and the 

differentiated signal is returned as the vector "d". For data that are not equally-spaced on the 

independent variable (x) axis, there are versions of the first and second derivative functions, derivxy 

and secderivxy, that take two input arguments (x,y), where x and y are vectors containing the 

independent and dependent variables. 

SmoothDerivative.m combines differentiation and smoothing. The syntax is SmoothedDeriv = 

SmoothedDerivative(x,y,DerivativeOrder,w,type,ends) where 'DerivativeOrder' determines the 

derivative order (0 through 5), 'w' is the smooth width, 'type' determines the smooth mode: 

If type=0, the signal is not smoothed 

If type=1, rectangular (sliding-average or boxcar) 

If type=2, triangular (2 passes of sliding-average) 

If type=3, p-spline (3 passes of sliding-average) 

If type=4, Savitzky-Golay smooth 

'ends' controls how the "ends" of the signal (the first w/2 points and the last w/2 points) are handled: If 

ends=0, the ends are zeroed: If ends=1, the ends are smoothed with progressively smaller smooths the 

closer to the end. Type ñhelp SmoothDerivativeò for some examples (graphic). An alternative 

differentiation method based on the Fourier Transform (page 94) can calculate derivatives of any order 

and also inlcudes smoothing (reference 88). 

Peak detection. The simplest code to find peaks in x,y data sets simply looks for every y value that has 

lower y values on both sides (allpeaks.m). An alternative approach is to use the first derivative to find 

all the maxima by locating the points of downward zero-crossing, that is, the points at which the first 

derivative "d" (computed by derivxy.m) passes from positive to negative. In this example, the ñsignò 

function is a built-in function that returns 1 if the element is greater than zero, 0 if it equals zero, and -1 

if it is less than zero. The routine prints out the value of x and y at each zero-crossing:  

d=derivxy(x,y);  

for j=1:length(x) - 1  

  if sign(d(j))>sign(d(j+1))  

    disp([x(j) y(j)])  

  end  

end  

If the data are noisy, many false zero crossings will be reported, but smoothing the data will reduce 

that. If the data are sparsely sampled, a more accurate value for the peak position (x-axis value at the 

zero-crossing) can be obtained by interpolating between the point before and the point after the zero-

crossing, using the Matlab/Octave ñinterp1ò or ñsplineò function:  

interp1([d(j) d(j+1)],[x(j) x(j+1)],0)   

In Python, you can import a derivative function using ñfrom scipy.misc import derivative ò 

https://terpconnect.umd.edu/~toh/spectrum/deriv2.m
https://terpconnect.umd.edu/~toh/spectrum/deriv3.m
https://terpconnect.umd.edu/~toh/spectrum/deriv4.m
https://terpconnect.umd.edu/~toh/spectrum/derivxy.m
https://terpconnect.umd.edu/~toh/spectrum/derivxy.m
https://terpconnect.umd.edu/~toh/spectrum/secderivxy.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothDerivative.m
https://terpconnect.umd.edu/~toh/spectrum/SmoothDerivative.png
https://terpconnect.umd.edu/~toh/spectrum/allpeaks.m
https://terpconnect.umd.edu/~toh/spectrum/derivxy.m
https://svitla.com/blog/numerical-differentiation-methods-in-python
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ProcessSignal.m is a Matlab/Octave command-line function that performs smoothing and 

differentiation on the time-series data set x,y (column or row vectors). Type "help ProcessSignal". It 

returns the processed signal as a vector that has the same shape as x, regardless of the shape of y. The 

syntax is Processed = ProcessSignal(x, y, DerivativeMode, w, type, ends, 

Sharpen, factor1, factor2, Symize, Symfactor, SlewRate, MedianWidth)  
 

DerivativeDemo.m (below) is a self-contained Matlab/Octave demo function that uses  

 

ProcessSignal.m and plotit.m to demonstrate an application of differentiation to the quantitative 

analysis of a peak buried in an unstable background (e.g. as in various forms of spectroscopy). The 

object is to derive a measure of peak amplitude that varies linearly with the actual peak amplitude and 

is minimally affected by the background and the noise. To run it, just type DerivativeDemo at the 

command prompt. You can change several of the internal variables (e.g., Noise, BackgroundAmplitude) 

to make the measurement harder or easier. Note that, even though the magnitude of the derivative 

seems to be numerically smaller than the original signal (because it has different units), the signal-to-

noise ratio of the derivative is better than that of the original signals and is much less affected by the 

background instability.  

https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
https://terpconnect.umd.edu/~toh/spectrum/plotit.m
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iSignal.m (page 376), shown on the left) is an interactive function for Matlab that performs many 

signal-processing operations that are 

covered in this book, including 

differentiation and smoothing for 

time-series signals, up to the 5th 

derivative, automatically including 

the required type of smoothing. 

Simple keystrokes allow you to adjust 

the smoothing parameters (smooth 

type, width, and ends treatment) while 

observing the effect on your signal 

dynamically. In the animated GIF 

example shown here, a series of three 

peaks at x=100, 250, and 400, with 

heights in the ratio 1:2:3, are buried in 

a strong curved background. The 

smoothed second and fourth 

derivatives are computed to suppress 

that background. View the code here or download the ZIP file with sample data for testing. The 

interactive keypress operation works even if you run Matlab in a web browser, but not on Matlab 

Mobile or in Octave. (Note: figures like the one above that display ñScreencast-O-Maticò in the lower-

left are animated graphics that can be viewed in a web browser or in Microsoft Word 365 but will not 

animate in any PDF viewer that I have ever tried.) 

As an example of smoothing in iSignal, the following statements generate the 4th derivative of a noisy 

Gaussian peak and display it in iSignal. You will need to download isignal.m, gaussian.m, and 

deriv4.m before executing the following statements.  

>> x=[1:.1:300]';  

>> y=deriv4(100000.*gaussian(x,150,50)+.1*randn(size(x)));  

>> isignal(x,y);  

The signal is mostly blue noise (because of the differentiated white noise) unless you smooth it 

considerately. Use the A and Z keys to increase and decrease the smooth width and the S key to cycle 

through the available smooth types. Hint: use the P-spline smooth and increase the smooth width.  

Real-time differentiation in Matlab is discussed on page 347.  
 

Live Script for Differentiation  
 

DataDifferentiation.mlx (graphic) is a Live Script for differentiation and smoothing applied to 

experimental data stored on disk. It is similar to DataSmoothing.mlx discussed on page 59, with the 

addition of a slider (line 9) to select the derivative order (up to 10). Note: If the "PlotBeforeAndAfter" 

check box is checked, the derivative (red curve) will be scaled to match the maximum of the original 

signal (black curve). If that box is not checked, the derivative will be displayed by itself with its actual 

https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/AnimatedDerivative.gif
https://terpconnect.umd.edu/~toh/spectrum/AnimatedDerivative.gif
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal7.zip
https://www.mathworks.com/products/matlab-online.html
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://itunes.apple.com/us/app/matlab-mobile/id370976661?mt=8
https://terpconnect.umd.edu/~toh/spectrum/IntroToSignalProcessing2022.docx
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/gaussian.m,
https://terpconnect.umd.edu/~toh/spectrum/deriv4.m
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#realtime
https://terpconnect.umd.edu/~toh/spectrum/DataDifferentiation.mlx
https://terpconnect.umd.edu/~toh/spectrum/DataDifferentiation.png
https://terpconnect.umd.edu/~toh/spectrum/DataSmoothing.mlx
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amplitude. (This is done because the numerical amplitude of derivatives is often orders of magnitude 

different than the original signals). See page 370 for other interactive tools. 

ÂĲċťШÉőċƖƓĲŰŔŰŊ 
Digital techniques to reduce the width of peaks, called peak sharpening, use algorithms to artificially 

reduce the widths of overlapping peaks in a signal, with the intent of locating the peak positions of 

hidden peaks and/or measuring their areas more accurately. The techniques usually employed make the 

peaks narrower but taller, preserving the areas under the peaks. There are two classes of sharpening 

techniques: derivative-based (dealt with here) and deconvolution-based (dealt with on page 117).  
 

The figure below shows a simple example: the signal on the left consists of several poorly-resolved 

(that is, partly overlapping) bands or peaks. The extensive overlap of the bands makes accurate 

measurement of the peak positions impossible, even though the signal-to-noise ratio is very good. It 

would be easier to measure the positions of the peaks accurately if they were more completely 

resolved, that is, if the peaks were narrower.  
 

 
 

A peak sharpening algorithm applied to the signal on the left artificially improves the apparent 

resolution of the peaks. In the resulting signal, right, you can measure the positions of the peaks more 

accurately, but at the cost of a decrease in signal-to-noise ratio. 

EƻĲŰШĬĲƖŔƻċƣŔƻĲШƚőċƖƓĲŰŔŰŊ 
One of the simplest peak sharpening algorithms computes the weighted sum of the original signal and 

the negative of its second derivative: 

  Rj = Yj - k2Y
'' 

 

where Rj is the resolution-enhanced signal, Y is the original signal, Y'' is the second derivative of Y, 

and k2 is a user-selected 2nd derivative weighting factor. It is up to the user to select the weighting 

factor k2 which gives the best trade-off between the extent of sharpening, signal-to-noise degradation 

(described on page 70), and baseline flatness. The optimum choice depends upon the width, shape, and 

digitization interval of the signal. As an inevitable trade-off, the signal-to-noise ratio is degraded, but 

this can be moderated by smoothing (page 40). As with all sharpening techniques, this will be useful 

only if the overlap of peaks, rather than the signal-to-noise ratio, is the limiting factor.  

https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
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Here is how it works. The figure below shows, in Window 1, a computer-generated peak (with a 

Lorentzian shape) in red, superimposed on the negative of its second derivative in green).  

  

The second derivative is amplified (by multiplying it by an adjustable constant) so that the negative 

sides of the inverted second derivative (from approximately X = 0 to 100 and from X = 150 to 250) are 

a rough mirror image of the sides of the original peak over those regions. In this way, when the original 

peak is added to the inverted second derivative, the two signals will approximately cancel out in the 

two side regions but will reinforce each other in the central region (from X = 100 to 150). The result, 

shown in Window 2, looks more like a Gaussian with a substantial (about 50%) reduction in the width, 

and a corresponding increase in height. This effect is most dramatic with Lorentzian-shaped peaks. 

With Gaussian-shaped peaks, the resolution enhancement is less dramatic (only about 20%).  

The optimum value for the derivative weighting 

factor for second derivative, k2, is not fixed: it 

depends on what you consider the best trade-off 

between peak sharpening and baseline flatness. 

Higher values result in greater sharpening, too 

high a value will cause the sides of the sharpened 

peak to dip below zero. Typically, one ñtitratesò 

the k2 value, staring from low values and 

increasing by degrees while watching the 

baseline. A reasonable initial value for a Gaussian 

peak is k2 = W
2/32, where W is the halfwidth of 

the peak in x units. With that weighting factor, a 

Gaussian peak will be reduced in width by about 

20%, the baseline will still be visually flat, and the 

resulting peak will fit a Gaussian model with a 

percent fitting error of less than 0.3% and an R2 of 

0.9999. Larger values of k2 will result in a 

narrower peak, but the baseline will not be so flat. 

The figure above left shows a computer-generated 

Gaussian peak with an initial half-width of 1.0 

sharpened by five different k2 values listed in the 

legend. The baseline undershoot observed when 

the k2 values to too large can be more easily seen 

in the figure on the right, which ñzooms inò to the 

https://terpconnect.umd.edu/~toh/spectrum/SharpenedGaussian.png
https://terpconnect.umd.edu/~toh/spectrum/re1.GIF
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trailing edge of the peak. For a Lorentzian peak, the initial value of k2 is W
2/4.5. The figures below 

show a computer-generated Lorentzian peak with an initial half-width of 1.0 sharpened by five 

different k2 values listed in the legend. 

 

In practice, it's common that experiment peaks are neither pure Gaussian nor pure Lorentzian but rather 

some blend of the two, so you can expect that the derivative weighting factors and the reduction in 

sharpened peak width will be somewhere between the Gaussian and Lorentzian values.  

This technique has been used in various forms of spectroscopy and chromatography for many years 

(references 74-76), in the early days using analog electronics. Mathematically, this technique is a 

simplified version of a converging Taylor series expansion, in which only the even order derivative 

terms in the expansion are taken and for which their coefficients alternate in sign. The above example 

is the simplest possible version that includes only the first two terms - the original peak and its negative 

second derivative. Slightly better results can be obtained in principle by adding a fourth derivative 

term, with two adjustable factors k2 and k4:  

     Rj = Yj - k2Y'' + k4Y'''' 

where Y'' and Y'''' are the 2nd and 4th derivatives of Y. Clearly, the need to optimize two interacting 

weighting factors is a complication. In the 

graph and table, a Lorentzian peak whose 

FWHM is 1.00 is subject to three values each 

of k2 and k4 (figure created by this Matlab 

script). 

  k2   k4  FWHM   Min/Max  

 0.10   0.00   0.278   - 0.26%  

- 0.10   0.01   0.266   - 4.01%  

- 0.10   0.01   0.258   - 7.22%  

- 0.13   0.00   0.282   - 1.20%  

- 0.13   0.01   0.27    - 4.51%  

- 0.13   0.01   0.258   - 7.44%  

- 0.15   0.00   0.282   - 2.10%  

- 0.15   0.01   0.27    - 5.03%  

- 0.15   0.01   0.262   - 7.69%  

https://terpconnect.umd.edu/~toh/ElectroSim/Differentiator.html
https://en.wikipedia.org/wiki/Taylor_series
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningLorentz2nd4th.m
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningLorentz2nd4th.m
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There are two important limitations of the even-derivative method of peak sharpening. The main one is 

that differentiation emphasizes the high-frequency noise in the signal (page 72). This means that it is 

important to smooth or filter the derivatives before adding to the original signal. A sharp cut-off filter is 

best for that purpose, such as a Fourier low-pass filter (page 128) or a wavelet denoise (page 136). In 

practice, this type of sharpening technique is limited to signals that have a good signal-to-noise ratio to 

begin with. An example is shown in the figures below, which are zoomed in to the trailing edge of the 

peak as before (generated by the Matlab script SecDerSharpNoisySmoothedGaussian.m). The left-hand 

figure shows the 2nd derivative sharpening of a slightly noisy signal (line 10) without any smoothing at 

all. As the derivative addition factor increases, the noise is greatly amplified, especially for the highest 

sharpening (blue line). However, with a modest amount of smoothing (line 35), the noise is greatly 

reduced, with only a very slight increase in the FWHM. The great improvement is the result of the 

high-frequency nature of the noise, which is easily reduced by low-pass filtering (page 72). The noise 

increase caused by the addition of the second derivative is very high-frequency weighted and is thus 

greatly reduced by even modest amounts of smoothing (page 44). 

  
 

Another limitation is that the k factors for the second and fourth derivatives vary with the width W 

raised to the 2nd and 4th power respectively, so they can vary over a very large numerical range for 

peaks of different width. For this reason, if the peak widths vary substantially across the signal, it is 

useful to use segmented or gradient versions of this method, as we did previously for smoothing (page 

55), so that the sharpening can be optimized for each region of the signal. (ñSegmentedò means each 

segment is defined independently and ñgradient" means a gradual increase or decrease between 

specified start and end values).  

  

https://terpconnect.umd.edu/~toh/spectrum/SecDerSharpNoisySmoothedGaussian.m
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9ŸŰƚƣċŰƣрċƖĲċШŉŔƖƚƣрĬĲƖŔƻċƣŔƻĲШƚǃůůĲƣƖŔǍċƣŔŸŰШыљĬĲрƣċŔũŔŰŊњь 
 

If the peak is asymmetrical - that is, slopes down faster on one side than the other - then the weighted 

addition (or subtraction) of a first derivative term, Y', may be helpful, because the first derivative of a 

peak is antisymmetric (positive on one side and negative on the other). In the graphic example below, 

on the left, the asymmetrical peak (in blue) tails to the right, and its first derivative, Y', (dotted yellow) 

has a positive lobe on the left and a broader but smaller negative lobe on the right. When the peak is 

added to the weighted first derivative, the positive lobe of the derivative reinforces the leading edge 

and the negative lobe suppresses the trailing edge, resulting in improved symmetry. (Had the peak 

sloped to the left, the negative of its derivative would be added). This is also an old technique, having 

been used in chromatography since at least 1965 (reference 75, 76), where it has been called ñde-

tailingò, i.e., ñremoving the tailò.  

Sj = Y j + k1Yô 
 

 
 

It sometimes happens that peaks which under ideal circumstances are expected to be purely 

symmetrical are in fact are observed to be asymmetrical, with an exponential ñtailò on the leading or 

trailing edge. For a Gaussian peak this can be described mathematically: 
 

 
 

where t is the independent variable, ɛ is the center of the Gaussian, ů is its width (standard deviation) 

and ɚ is the rate of exponential decay.  
 

Yuri Kalambet (reference 73) has shown that the first-derivative addition technique works perfectly for 

exponentially broadened peaks of any shape, not only for the Gaussian. With the correct first derivative 

weighting factor, k1, the result Sj is a symmetrical peak with a half-width substantially less than that of 

the original (orange line). In fact, it is exactly the underlying peak to which the exponential convolution 

has been applied (References 70, 71). The first derivative weighting factor k1 is independent of the 

peak height and width and is simply equal to the exponential time constant ɚ, in the above formulation 

of the EMG. It works perfectly if k1 = ɚ. In practice, ɚ is not known and so k1 must be determined 

https://www.researchgate.net/profile/Yuri-Kalambet
https://en.wikipedia.org/wiki/Full_width_at_half_maximum
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experimentally, which is most easily done for the last peak in a group of peaks (graphic, animation). 

Put simply, if you get k1 too high, the result will dip below the baseline after the peak. 
 

It is easy to determine the optimal k1 value experimentally for an isolated peak. Just increase it until the 

processed signal Sj dips below the baseline after the peak, then reduce it until the baseline is flat, as 

shown in the GIF animation at this link. Of course, in real application the signal will contain noise, 

with the result that the symmetrized result will be noisier that the original signal. The first derivative 

weighting factor, k1, will have to be estimated by eye and is therefore subject to some uncertainty. 

If one stage of derivative addition does not do the trick, try one of the double exponential routines 

described below. Furthermore, this appears to be a general behavior and it works similarly for any other 

peak shape that is broadened by exponential convolution, such a Lorentzian, and it even works for 

peaks that are already broadened by a previous exponential convolution (i.e., a double exponential), 

which can be handled by two successive stages of derivative addition with different taus. 

If the signal-to-noise ratio of the original signal is high enough, the symmetrized peak Sj resulting from 

the first-derivative addition procedure can still be further sharpened by the even-derivative techniques 

described above, assuming that the signal-to-noise ratio of the original is good enough. This is 

illustrated in the right-hand panel of the previous figure. 

A useful property of all of these derivative addition algorithms is that they do not change the total area 

under the peaks, because the total area under the curve of any derivative of any peak-shaped signal that 

returns to the baseline is essentially zero (the area under the negative lobes cancels the area under the 

positive lobes). Therefore, these techniques can be helpful in measuring the areas under overlapped 

peaks (page 132).  

However, a remaining problem is that the baseline on either side of the sharpened peak may not be 

perfectly flat, leaving some interference from nearby peaks, even if baseline resolution of adjacent 

peaks is achieved. For the even-derivative technique applied to a Gaussian peak, about 99.7% (graphic 

link) of the area of the peak is contained in the central maximum, and for a Lorentzian peak, about 80% 

of the area of the peak (graphic link) is contained in the central maximum. 

Because differentiation and smoothing are both linear techniques, the superposition principle applies 

and the amplitude of a symmetrized or sharpened signal is directly proportional to the amplitude of the 

original signal, which allows standards-based quantitative analysis applications employing any of the 

standard calibration techniques (page 454). But it is essential that you apply the same signal-processing 

techniques to the standards as well as to the samples and measure the signals in the same way.  

Peak sharpening can be useful in automated peak detection and measurement (page 234) to increase the 

ability to detect weak overlapping peaks that appear only as shoulders in the original signal. If you are 

reading this online, click for an animated example. Peak sharpening can also be useful 

before measuring the areas (page 145) under overlapping peaks, because it is easier and more accurate 

to measure the areas of peaks that are more completely separated.  

  

https://terpconnect.umd.edu/~toh/spectrum/SymmetricalizationAnimation3peaks.png
https://terpconnect.umd.edu/~toh/spectrum/SymmetricalizationAnimation3peaks.gif
https://terpconnect.umd.edu/~toh/spectrum/SymmetricalizationAnimation3peaks.gif
https://terpconnect.umd.edu/~toh/spectrum/Integration.html
https://terpconnect.umd.edu/~toh/spectrum/Integration.html
https://terpconnect.umd.edu/~toh/spectrum/SharpenedGaussian.png
https://terpconnect.umd.edu/~toh/spectrum/SharpenedGaussian.png
https://terpconnect.umd.edu/~toh/spectrum/SharpenedLorentzian.png
https://en.wikipedia.org/wiki/Linear_system
https://en.wikipedia.org/wiki/Superposition_principle
https://terpconnect.umd.edu/~toh/spectrum/demo5.gif
https://terpconnect.umd.edu/~toh/spectrum/Integration.html
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ÑőĲШÂŸƽĲƖШxċƽШ~ĲƣőŸĬ 
A very simple method of peak sharpening 

involves raising each data point to a power n 

greater than 1 (references 61, 63). The effect of 

this is to change the peak shapes, essentially 

stretching out the highest center region of the 

peak to greater amplitudes and placing more 

weight on the points near the peak, resulting in 

a smaller peak width. For Gaussian peaks 

specifically, the result is another Gaussian with a 

width reduced by the square root of the power n. 

The technique is demonstrated by the Matlab/ 

Octave script PowerLawDemo.m, shown in the 

figure on the right, which plots noisy Gaussians 

raised to the power p=1 to 7, with their peak 

heights normalized to 1.0, showing that as the 

power increases, peak width decreases and noise 

is reduced on the baseline but increased on the peak maximum. Since this process does not move the 

positions of the peaks, the peak resolution (defined as the ratio of peak separation to peak base width) 

is increased. For Gaussian peaks, the area under the original peak can be calculated from the area under 

the normalized power-sharpened curve (reference 63).  

In the figure on the left, the blue line shows two 

slightly overlapping EMG (exponentially modified 

Gaussian) peaks. The other lines are the result of 

raising the data to the power of n = 2, 3, and 4 and 

normalizing each to a height of 1.00. The results are 

more nearly Gaussian peak shapes (only because 

most peak shapes are locally Gaussian near the peak 

maximum), and the peak widths, measured with the 

halfwidth.m function, are reduced: 19.2, 12.4, 9.9, 

and 8.4 units for powers 1 through 4, respectively. 

This method is independent of, and can be used in 

conjunction with, the other sharpening methods 

discussed above. However, for a signal of two 

overlapping Gaussians, the result of raising the signal 

to a power is not the same as adding two power-narrowed Gaussians: simply, an+bn is not the same as 

(a+b)n for n>1. This can be demonstrated graphically by the script PowerPeaks.m (graphic), which 

curve-fits a two-Gaussian model to the power-raised sum of two overlapping Gaussians. As the power 

n increases, the peaks are narrowed and the valley between them is deepened, but the resulting signal is 

no longer the sum of two Gaussians unless the resolution is sufficiently high that the two peaks do not 

overlap significantly. 

https://terpconnect.umd.edu/~toh/spectrum/Introduction.html
https://terpconnect.umd.edu/~toh/spectrum/Introduction.html
https://terpconnect.umd.edu/~toh/spectrum/PowerLawDemo.m
https://link.springer.com/article/10.1007%2Fs10337-018-3607-0
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/halfwidth.m
https://terpconnect.umd.edu/~toh/spectrum/PowerPeaks.m
https://terpconnect.umd.edu/~toh/spectrum/PowerPeaks.png
https://terpconnect.umd.edu/~toh/spectrum/PowerMethod.png
https://terpconnect.umd.edu/~toh/spectrum/PowerLawDemo.png
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Some limitations to the power-law method are: 

 (a) It only works if the peaks of interest make a distinct maximum (it is not effective for side 

peaks that are so small that they only form shoulders; there must be a valley between the peaks).  

 (b) The baseline must be zero for best results.  

 (c) For noisy signals there is a decrease in signal-to-noise ratio because the smaller width 

means fewer data points are contributing to the measurement (smoothing, page 40, can help).  

Compensating for the non-linearity .  Naturally, the power method introduces severe non-linearity 

into the signal, changing the ratios between peak heights (as is evident in the previous figure) and 

complicating further processing, especially quantitative measurement calibration. But there is an easy 

way to compensate for this: after the raw data have been raised to the power n and peaks heights and/or 

areas have been measured, the resulting peak measures can be simply raised to the power 1/n, restoring 

the original linearity (but not the slope) of the calibration curves used in quantitative analytical 

measurements. (This works because the peak area is proportional to the height times width, and peak 

height of the power transformed peaks is proportional to the nth power of the original height, but the 

width of the peak is not a function of peak height at constant n, thus the area of the transformed peaks 

remains proportional to nth power of the original height). The technique is demonstrated quantitatively 

for two variable overlapping peaks by the Matlab/Octave script PowerLawCalibration-Demo.m 

(graphic), which takes the nth power of the overlapping-peak signal, measures the areas of the power-

narrowed peaks, and then takes the 1/n power of the measured areas, constructing and using a 

calibration curve to convert areas to concentration. Peak areas are measured by perpendicular drop, 

using the half-way point to mark the boundary between the peaks. The script simulates a mixture signal 

with concentrations that you can specify in lines 15 and 16. You can change the power and any of the 

parameters in lines 14-22. The results show that the power method improves the accuracy of the 

measurements as long as the 4-sigma resolution (the ratio of peak separation to 4 times the standard 

deviation of the Gaussians) is above about 0.4. It is most accurate when the peaks are roughly equal in 

width and when the ratio of the two concentrations is not very different from the ratio in the standards 

from which the calibration curve is constructed. Note that, even when the simulated random noise (in 

line 22) is zero, the results are not perfect because of the effect of peak overlap on area measurement, 

which varies depending upon the ratio of two components in the mixture.  

The self-contained function PowerMethodDemo.m demonstrates the power method for measuring the 

area of small shouldering peak that is partly overlapped by a much stronger interfering peak (graphic). 

It shows the effect of random noise, smoothing, and any uncorrected background under the peaks.  
 

Combining sharpening methods. The power method is independent of, and can be used in 

conjunction with, the derivative methods discussed above. However, because the power method is non-

linear, the order in which the operations are performed is important. The first step should be the first-

derivative symmetrization if the signal is exponentially broadened, the second step should be even-

derivative sharpening, and the power method should be used last. The reason for this order is that the 

power method depends on whether there is a valley between the peaks but cannot create one, whereas 

the derivative methods may be able to create a valley between peaks if the overlap is not too severe. 

Moreover, when used last, the power method reduces the severity of baseline oscillations that are a 

https://terpconnect.umd.edu/~toh/spectrum/PowerLawCalibrationDemo.m
https://terpconnect.umd.edu/~toh/spectrum/PowerLawCalibrationDemo.png
https://terpconnect.umd.edu/~toh/spectrum/PowerMethodDemo.m
https://terpconnect.umd.edu/~toh/spectrum/PowerMethod2.png
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residue of the even-derivative sharpening (particularly noticeable on a Lorentzian peak). The 

Matlab/Octave scripts SharpenedGaussianDemo2.m (Graphic) and SharpenedLorentzianDemo2.m 

(Graphic) make this point for Gaussian and Lorentzian peaks respectively, comparing the result of 

even-derivative sharpening alone with even-derivative sharpening followed by the power method (and 

preforming the power method two ways, taking the square of the sharpened peak or multiplying it by 

the original peak). For both the Gaussian and Lorentzian original peak shapes, the final sharpened 

results are fit to Gaussian models to show the changes in peak parameters. The result is that the 

combination of methods yields (a) the narrowest final peak and (b) the closest to Gaussian final shape. 

Of course, the linearity issues of the power method remain, but they can be compensated as before. 
 

Deconvolution. Another signal processing technique that can increase the resolution of overlapping 

peaks is deconvolution, which will be covered on page 114. It is applicable the situations where the 

original shape of the peaks has been broadened and/or made asymmetrical by some broadening process 

or function. If the broadening process can be described mathematically or measured separately, then 

deconvolution from the observed broadened peaks is in principle capable of extracting the shape of the 

underlying peak.  

Peak Sharpening for Excel and Calc Spreadsheets 
The even-derivative sharpening method with two derivative terms (2nd and 4th) is available for Excel 

and Calc in the form of an empty template (PeakSharpeningDeriv.xlsx and .ods) or with example data 

entered (PeakSharpeningDerivWithData.xlsx and .ods). You can either type in the values of the 

derivative weighting factors K1 and K2 directly into cells J3 and J4, or you can enter the estimated 

peak width (FWHM in number of data points) in cell H4 and the spreadsheet will calculate K1 and K2. 

There is also a demonstration version with adjustable simulated peaks which you can experiment with 

(PeakSharpeningDemo.xlsx and PeakSharpeningDemo.ods).  

 There are also versions that have clickable buttons (detail on 

left) for convenient interactive adjustment of the K1 and K2 

factors by 1% or by 10% for each click. You can type in first 

estimates for K1 and K2 directly into cells J4 and J5 and then 

use the buttons to fine-tune the values. If the signal is noisy, 

adjust the smoothing using the 17 coefficients in row 5 columns K  through AA , just as with the 

smoothing spreadsheets (page 53). (Note: Unfortunately, these ActiveX buttons do not work in the iPad 

version of Excel). 

There is also a ñsegmentedò template version where the sharpening constants can be specified for each 

of 20 signal segments (SegmentedPeakSharpeningDeriv.xlsx). For those applications in which the peak 

widths gradually increase (or decrease) with time, there is also a gradient peak sharpening template 

where you need only set the starting and ending peak widths and the spreadsheet will apply the 

required sharpening factors K1 and K2. (GradientPeakSharpeningDeriv.xlsx) and an example with data 

already entered (GradientPeakSharpeningDerivExample.xlsx); 

The template PeakSymmetricalizationTemplate.xlsm (screen image on the next page) performs 

symmetrization of exponentially modified Gaussians (EMG) by the weighted addition of the first 

derivative. PeakSymmetricalizationExample.xlsm is an example application with sample data already 

https://terpconnect.umd.edu/~toh/spectrum/SharpenedGaussianDemo2.m
https://terpconnect.umd.edu/~toh/spectrum/SharpenedGaussianDemo2.png
https://terpconnect.umd.edu/~toh/spectrum/SharpenedLorentzianDemo2.m
https://terpconnect.umd.edu/~toh/spectrum/SharpenedLorentzianDemo2.png
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDeriv.xlsx
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDeriv.ods
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDerivWithData.xlsx
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDerivWithData.ods
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDemo.xlsx
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDemo.ods
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDemo.xlsm
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html#Spreadsheets
https://terpconnect.umd.edu/~toh/spectrum/SegmentedPeakSharpeningDeriv.xlsx
https://terpconnect.umd.edu/~toh/spectrum/GradientPeakSharpeningDeriv.xlsx
https://terpconnect.umd.edu/~toh/spectrum/GradientPeakSharpeningDerivExample.xlsx
https://terpconnect.umd.edu/~toh/spectrum/PeakSymmetricalizationTemplate.xlsm
https://terpconnect.umd.edu/~toh/spectrum/PeakSymmetricalizationTemplate.xlsm
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningDemo.xlsm
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typed in. It is shown on the next page. 

There is also a demo version that allows you to determine the accuracy of the technique by 

synthesizing overlapping peaks with specified resolution, asymmetry, relative peak height, noise, and 

baseline: PeakSharpeningAreaMeasurementEMGDemo2.xlsm (graphic). These spreadsheets also allow 

further second derivative sharpening of the resulting symmetrical peak.  

PeakDoubleSymmetrizationExample.xlsm performs the symmetrization of a doubly exponential 

broadened peak. It has buttons to interactively adjust the two first-derivative weightings. Two 

variations (1, 2) include data for two overlapping peaks, for which the areas are measured by 

perpendicular drop. 

EffectOfNoiseAndBaselineNormalVsPower.xlsx demonstrates the effect of the power method on area 

measurements of Gaussian and exponentially broadened Gaussian peaks, including the different effects 

that random noise and non-zero baseline has on the power sharpening method. 

 

The spreadsheet template ñPeakSymmetricalizationTemplate.xlsmò is shown measuring the areas of 

the first of two pairs of overlapping asymmetrical peaks after applying first derivative symmetrization. 

ÂĲċťШÉőċƖƓĲŰŔŰŊШŉŸƖШ~ċƣũċĤШċŰĬ §ĦƣċƻĲ 
The custom Matlab/Octave function sharpen has the form  

SharpenedSignal = sharpen(signal,k1,k2,SmoothWidth) ,  

where "signal" is the original signal vector, the arguments k2 and k4 are 2nd and 4th derivative 

weighting factors, and SmoothWidth is the width of the built-in smooth. The resolution-enhanced 

signal is returned in the vector "SharpenedSignal ". If you are reading this online, you can click on the 

https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningAreaMeasurementEMGDemo2.xlsm
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningAreaMeasurementDemoEMG3.png
https://terpconnect.umd.edu/~toh/spectrum/PeakDoubleSymmetrizationExample.xlsm
https://terpconnect.umd.edu/~toh/spectrum/PeakDoubleSymmetrizationExample1.xlsm
https://terpconnect.umd.edu/~toh/spectrum/PeakDoubleSymmetrizationExample2.xlsm
https://terpconnect.umd.edu/~toh/spectrum/EffectOfNoiseAndBaselineNormalVsPower.xlsx
https://terpconnect.umd.edu/~toh/spectrum/PeakSymmetricalizationTemplate.xlsm
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/sharpen.m
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link above to inspect the code, or right-click to download for use within Matlab or Octave. The k 

values determine the trade-off between peak sharpness and baseline flatness. The values vary with the 

peak shape and width and should be adjusted for your own needs. For peaks of Gaussian shape, a 

reasonable value for k2 is PeakWidth2/32 and for k4 is PeakWidth4/900 (or PeakWidth2/8 and 

PeakWidth4/700 for Lorentzian peaks), where PeakWidth is the full width at half maximum of the 

peaks in x units. Because sharpening methods are typically sensitive to random noise in the signal, it is 

usually necessary to apply a smoothing operation: the Matlab/Octave ProcessSignal.m function allows 

both sharpening and smoothing to be applied in one function. 

Here is a simple Matlab/Octave example that creates a signal consisting of four partly overlapping 

Gaussian peaks of equal height and width, applies both the derivative sharpening method and the power 

method, and compares a plot (shown below) comparing the original signal (in blue) to the resolution-

enhanced version (in red). 
 

     x=0:.01:18;  

  y=exp( - (x - 4).^2)+exp( - (x - 9).^2)+exp( - (x - 12).^2)+exp( - (x - 13.7).^2);  

  y=y+.001.*randn(size(x));  

  k1=1212;k2=1147420;    

  SharpenedSignal=ProcessSignal(x,y,0,35,3,0,1,k1,k2,0,0,0,0);  

  figure(1)  

  plot(x,y,x,SharpenedSignal,'r')  

  title('Peak sharpening (red) by the derivative method')  

  figure(2)  

  plot(x,y,x,y.^6,'r')  

  title('Peak sharpening (red) by the power method')  

 

Four overlapping Gaussian peaks of equal height and width.  

Blue: Original. Red: After sharpening by the even-derivative method.  

SharpenedOverlapDemo.m is a script that attempts to automatically determines the optimum degree of 

even-derivative sharpening that minimizes the errors of measuring peak areas of two overlapping 

Gaussians by the perpendicular drop method using the autopeaks.m function. It does this by applying 

different degrees of sharpening and plotting the area errors (percent difference between the true and 

https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
https://terpconnect.umd.edu/~toh/spectrum/SharpenedOverlapDemo.m
https://terpconnect.umd.edu/~toh/spectrum/DerivSharp4peaks.png
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measured errors) vs the sharpening factor. It also shows the height of the valley between the peaks as a 

yellow line. This shows that: 

(1) the optimum sharpening factor depends upon the width and separation of the two peaks and 

on their height ratio, 

(2) the degree of sharpening is not overly critical, often exhibiting a broad optimum region,  

(3) the optimum for the two peaks is not necessarily the same, and  

(4) the optimum for area measurement might not occur at the point where the valley is zero.  

(To run this script, you must have gaussian.m, derivxy.m, autopeaks.m, val2ind.m, and halfwidth.m in 

the Matlab search path. Download these from https://terpconnect.umd.edu/~toh/spectrum/). 

The power method is effective as long as there is 

a valley between the overlapping peaks, but it 

introduces non-linearity, which must be corrected 

later, whereas the derivative method preserves the 

original peak areas and the ratio between the peak 

heights. PowerLawCalibrationDemo demonstrates 

the linearization of the power transform calibration 

curves for two overlapping peaks by taking the nth 

power of data, locating the valley between them, 

measuring the areas by the perpendicular drop 

method (page 142), and then taking the 1/n power 

of the measured areas (graphic).  

 

Constant-area symmetrization (de-tailing)  of asymmetric peaks by the weighted addition of the 

first derivative is performed by the function ySym = symmetrize(t,y,factor,smoothwidth,type,ends). "t" 

and "y" are independent variable and dependent variable vectors. "factor" is the first derivative 

weighting factor. "smoothwidth", 

"type", and "ends" are the 

SegmentedSmooth parameters for 

the internal smoothing of the 

derivative. To perform a 

segmented symmetrization, 

"factor" and "smoothwidth" can 

be vectors. In version 2, 

symmetrize.m smooths only the 

derivative, not the entire signal. 

SymmetrizeDemo.m runs all five 

examples in the symmetrize.m 

help file, each in a different figure 

window.  If the tau is not known, 

it can be determined for a single 

isolated peak by using 

https://terpconnect.umd.edu/~toh/spectrum/
https://terpconnect.umd.edu/~toh/spectrum/PowerLawCalibrationDemo.m
https://terpconnect.umd.edu/~toh/spectrum/PowerTransformCalibrationCurve.png
https://terpconnect.umd.edu/~toh/spectrum/symmetrize.m
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSmooth.m
https://terpconnect.umd.edu/~toh/spectrum/SymmetrizeDemo.m
https://terpconnect.umd.edu/~toh/spectrum/PowerLaw4peaks.png
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AutoSymmetrize(t, y, SmoothWidth, plots), which finds the value of tau that produces the most 

symmetrical peak, judged by comparing the slope of the tangents to the leading and trailing edges. In 

the example shown above, the original peak (blue line) is a mathematically calculated exponentially 

modified Gaussian with a tau value of 100 and the red line is the output generated by AutoSymmetrize, 

which estimates the tau to an accuracy of 1%. Type ñhelp AutoSymmetrizeò. The areas of the two are 

equal within 0.01%. SymmetizedOverlapDemo.m demonstrates the optimization of the first derivative 

symmetrization for the area measurement of two overlapping exponentially broadened Gaussians.  
 

Segmented even-derivative peak sharpening. If the peak widths or the noise variance changes 

substantially across the signal, you can use the segmented version SegmentedSharpen.m, for which the 

input arguments factor1, factor2, and 

SmoothWidth are vectors. The script 

DemoSegmentedSharpen.m, shown on the right, 

uses this function to sharpen four Gaussian 

peaks with gradually increasing peak widths 

from left to right with increasing degrees of 

sharpening, showing that the peak width 

is reduced by 20% to 22% from to the original.  

DemoSegmentedSharpen2.m shows four peaks 

of the same width sharpened to increasing 

degrees. 
 

Double exponential symmetrization in 

Matlab/Octave is performed by the function 

DEMSymm.m which applies two successive 

applications of weighted addition of the first derivative, with weighting factors ideally equal to the two 

taus. The objective is to make the peaks 

more symmetrical and narrower while 

preserving the peak area. A three-level 

plus-and-minus bracketing technique 

helps you to determine the best values for 

the two weighting factors. The technique 

is demonstrated by the script 

DemoDEMSymm.m and its two variations 

(1, 2), which creates two overlapping 

double exponential peaks from Gaussian 

originals, then calls the function 

DEMSymm.m to perform the 

symmetrization. In the example on the 

left, the middle bracketing line is the 

optimum value. In summary, if you attempt to symmetrize an asymmetrical peak by weighted first-

derivative addition and the result is still asymmetrical, it may be that the remaining asymmetry could 

https://terpconnect.umd.edu/~toh/spectrum/SymmetizedOverlapDemo.m
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSharpen.m
https://terpconnect.umd.edu/~toh/spectrum/DemoSegmentedSharpen.m
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSharpenDemo.txt
https://terpconnect.umd.edu/~toh/spectrum/DemoSegmentedSharpen2.m
https://terpconnect.umd.edu/~toh/spectrum/DEMSymm.m
https://terpconnect.umd.edu/~toh/spectrum/DemoDEMSymm.m
https://terpconnect.umd.edu/~toh/spectrum/DemoDEMSymm2.m
https://terpconnect.umd.edu/~toh/spectrum/DemoSymm3.m
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSharpenDemo.png


Page | 92  

be due to another stage of exponential broadening with a different tau, so in that case, the application of 

DEMSymm.m will likely produce a more symmetrical final result. 
 

ProcessSignal, a Matlab/Octave command-line function that performs smoothing, differentiation, and 

peak sharpening on the time-series data set x,y (column or row vectors). Type "help ProcessSignal". It 

returns the processed signal as a vector that has the same shape as x, regardless of the shape of y.  
 

Processed=ProcessSignal(x, y, DerivativeMode, w, type, ends, Sharpen,  

factor1, factor2, Symize, Symfactor, SlewRate, MedianWidth)  
 

iSignal (Version 8.3, page 376) is a multi-function interactive Matlab function that includes peak 

sharpening for time-series signals, using both the even-derivative method (sharpen function)  and the 

first-derivative symmetrization method, with keystrokes that allow you to adjust the derivative 

weighting factors and the smoothing continuously while observing the effect on your signal 

dynamically. The E key turns the peak sharpening function on and off. View the code here or download 

the ZIP file with sample data for testing. iSignal estimates the sharpening and smoothing settings for 

Gaussian and for Lorentzian peak shapes using the Y and U keys, respectively, using the expression 

given above. Just isolate a single typical peak in the upper window using the pan and zoom keys, press 

P to turn on the peak measurement mode, then press Y for Gaussian or U for Lorentzian peaks. You 

can fine-tune the sharpening with the F/V and G/B keys and the smoothing with the A/Z  keys. (If  your 

signal has peaks of widely different widths, one setting will not be optimum for all the peaks. In such 

cases, you can use the segmented sharpen function, SegmentedSharpen.m).  

            Before peak Sharpening in iSignal                                          After peak sharpening in iSignal 

 

https://terpconnect.umd.edu/~toh/spectrum/ProcessSignal.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal7.zip
https://terpconnect.umd.edu/~toh/spectrum/SegmentedSharpen.m
https://terpconnect.umd.edu/~toh/spectrum/ps2.png
https://terpconnect.umd.edu/~toh/spectrum/ps1.png
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In iSignal and in iPeak, the Shift-Y key engages the first-derivative symmetrization technique and uses 

the 1, Shift-1, 2, and Shift-2 keys to adjust the weighting factor by 10% or 1% per keypress. The idea 

is to increase the factor until the baseline after the peak goes negative, then increase it slightly so that it 

is as low as possible but not negative. 

 

 

iSignal can also use the power transform method (press the ^  key, enter the power n (any positive 

number greater than 1.00) and press Enter. To reverse this, simply raise to the 1/n power. iPeak, (page 

253), a Matlab interactive peak detection and measurement program, has a built-in peak sharpening 

mode that is based on the even derivative technique, as well as the first-derivative symmetrization 

using the same keystrokes as iSignal. See ipeakdemo5 on page 269. The GIF animation demonstrates 

this in action. 

Peak sharpening, both by the even-derivative symmetrization and Fourier self-deconvolution methods, 

are included as part of the interactive peak detection tool PeakDetection.mlx discussed on page 253. 

Real-time peak sharpening in Matlab is discussed on page 347.  

  

https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm#ipeak
https://terpconnect.umd.edu/~toh/spectrum/PeakFindingandMeasurement.htm#demos
https://terpconnect.umd.edu/~toh/spectrum/PeakDetection.mlx
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cċƖůŸŰŔĦШċŰċũǃƚŔƚШċŰĬШƣőĲШ[ŸƨƖŔĲƖШÑƖċŰƚŉŸƖůЮ 
Some signals exhibit periodic components that repeat at fixed intervals throughout the signal, like a 

sine wave. It is often useful to describe the amplitude and frequency of such periodic components 

exactly. In fact, it is possible to analyze any arbitrary set of data into periodic components, whether or 

not the data appear periodic. Harmonic analysis is conventionally based on the Fourier transform, 

which is a way of expressing a signal as a weighted sum of sine and cosine waves. It can be shown that 

any arbitrary discretely sampled signal can be described completely by the sum of a finite number of 

sine and cosine components whose frequencies are 0, 1, 2, 3 ... n/2 times the frequency f=1/nȹx, where 

ȹx is the interval between adjacent x-axis values and n is the total number of points. The Fourier 

transform is simply the set of amplitudes of those sine and cosine components (or, which is equivalent 

mathematically, the frequency and phase of sine components). You could calculate those coefficients 

yourself simply but laboriously by multiplying the signal point-by-point with each of those sine and 

cosine components and adding up the products. The famous Cooley-Tukey ñFast Fourier Transformò 

(FFT) dates from 1965 and is a faster and more efficient algorithm that makes use of the symmetry of 

the sine and cosine functions and other math shortcuts to get the same result much more quickly. The 

inverse Fourier transform (IFT) is a similar algorithm that converts a Fourier transform back into the 

original signal.  
 

As a mathematical convenience, Fourier transforms are traditionally expressed in terms of ñcomplex 

numbersò, which allows one to combine the sine and cosine (or amplitude and phase) information at 

each frequency onto a single compact expression, using the identity 
 

cos(2ˊft) + i sin(2ˊft) = ei2ˊft 
 

Even for data that are not complex, using the ñexpò notation rather than ñsin+cosò is surely more 

compact and elegant, and most computer languages can handle complex arithmetic automatically. But 

this terminology can be misleading because the sine and cosine parts are equally important. Just 

because the two parts are called "real" and "imaginary" in mathematics does not imply that the first is 

more significant than the second. (For a rigorous explanation, see Fourier Transforms by Gary Knott). 
 

The concept of the Fourier transform is involved in two very important modern instrumental methods 

in chemical analysis. In Fourier transform infrared spectroscopy (FTIR), the Fourier transform of the 

spectrum is measured directly by the instrument, as the interferogram formed by plotting the detector 

signal vs mirror displacement in a scanning Michaelson interferometer. In Fourier Transform Nuclear 

Magnetic Resonance spectroscopy (FTNMR), excitation of the sample by an intense, short pulse of 

radio-frequency energy produces a free induction decay signal that is the Fourier transform of the 

resonance spectrum. In both cases, a computer is used to recover the spectrum by inverse Fourier 

transformation of the measured (interferogram or free induction decay) signal.  

The power spectrum or frequency spectrum is a simple way of showing the total amplitude at each of 

these frequencies. It is calculated as the square root of the sum of the squares of the coefficients of the 

sine and cosine components. The power spectrum retains the frequency information but discards the 

phase information, so that the power spectrum of a sine wave would be the same as that of a cosine 

wave of the same frequency, even though the complete Fourier transforms of sine and cosine waves are  

http://resonanceswavesandfields.blogspot.com/2009/01/spectrum-of-waveform-fourier-analysis.html
http://en.wikipedia.org/wiki/Discrete_Fourier_transform
http://en.wikipedia.org/wiki/Sine_wave
ftp://www.myphysicslab.com/trig_identity1.html
https://pdfs.semanticscholar.org/1790/fe007bc1ab161a1ea814748b42e3acbdc958.pdf
https://on9iip5ab.cc.rs6.net/tn.jsp?f=001lfXx1sbcZgdDhJEXqMPlIsWmBS7MXfOnhjCNsnb6W9dKebEuQ0GkwyWuPQpvLjUa3w3XQJf-0HdAkhGWh2gjGYkkVvcjW8mrcYWYC4bHgzbRLm_AFakUAKgquYUlRu-AjfIlZD0PfC4_IYAyC95zsnpDKmyx45nGfeqP9DVioQe68qeTdNRhaQ==&c=TlG24S1IC7Pl96jtv1D15inQJNPV_oenE_6Ak9hVYz8wvKwn2t2Lgw==&ch=-ZR0AWEQPZNLdZQAVgxI76_4RYV6jyFOujMHXrd53TtjvQ4jsdpT5Q==
https://terpconnect.umd.edu/~toh/spectrum/HarmonicAnalysis.html#sft
https://en.wikipedia.org/wiki/Complex_number
https://en.wikipedia.org/wiki/Complex_number
http://www.civilized.com/files/newfourier.pdf
http://en.wikipedia.org/wiki/Fourier_transform_spectroscopy
http://en.wikipedia.org/wiki/NMR#Fourier_spectroscopy
http://en.wikipedia.org/wiki/NMR#Fourier_spectroscopy
http://en.wikipedia.org/wiki/Frequency_spectrum
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different in phase. In rare situations where the phase components of a signal are the major source of 

noise (e.g. random shifts in the horizontal x-axis position of the signal), it can be advantageous to base 

measurement on the power spectrum, which discards the phase information, by ensemble averaging 

(page 27) the power spectra of repeated signals: this is demonstrated by the Matlab/Octave scripts 

EnsembleAverageFFT.m and EnsembleAverageFFTGaussian.m.  

The Fourier transform is simply the set of amplitudes of those sine and cosine components A time-

series signal with n points gives a power spectrum with only (n/2)+1 points. The first point is the zero-

frequency (constant) component, corresponding to the DC (ñdirect currentò) component of the signal. It 

looks like a straight flat line. The second point corresponds to a frequency of 1/nȹx (whose period is 

exactly equal to the time duration of the data), the next point to 2/nȹx, the next point to 3/nȹx, etc., 

where ȹx is the interval between adjacent x-axis values and n is the total number of points. The last 

(highest frequency) point in the power 

spectrum (n/2)/nȹx=1/2ȹx, which is one-

half the sampling rate. 

 The figure on the left shows a simulated 

1000-point signal with one-second 

duration and a sampling rate of 1000 Hz 

(middle panel). This signal contains only 

three sine waves (shown separately in 

different colors in the top panel), all of 

which are clearly distinguishable when 

added up in the signal itself (middle 

panel). You can even count the cycles of 

the sine waves to confirm their 

frequencies. The frequencies all show up 

at the expected places and with the 

expected relative amplitudes in the Fourier 

amplitude spectrum, which I have drawn 

here as a bar graph in the bottom 

panel(showing frequencies only up to 50 

Hz, out of a maximum of 500 Hz). This 

also works similarly with cosine waves, which differ from sine waves only in their phase (x-axis shift). 

The limits of sampling. The highest frequency that can be represented in a discretely sampled 

waveform is one-half the sampling frequency, which is called the Nyquist frequency. In the signal 

above, the Nyquist frequency is İ x1000 = 500 Hz. Attempts to digitize analog signals with higher 

frequencies are "folded back" to lower frequencies, severely distorting the signal. This is called 

aliasing. The frequency resolution, that is, the difference between the frequencies of adjacent points in 

the calculated frequency spectrum, is simply the reciprocal of the time duration of the signal, 1 Hz. 

The self-contained Matlab script AliasingDemo.m (graphic) demonstrates the phenomenon of aliasing 

and frequency folding. It creates a sine wave of a fixed frequency (100 Hz), then samples it repeatedly 

at gradually decreasing sampling rates, starting at 600 Hz, well above the Nyquist frequency (200 Hz) 

https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#EnsembleAveraging
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverageFFT.m
https://terpconnect.umd.edu/~toh/spectrum/EnsembleAverageFFTGaussian.m
http://en.wikipedia.org/wiki/Nyquist_frequency
https://terpconnect.umd.edu/~toh/spectrum/AliasingDemo.m
https://terpconnect.umd.edu/~toh/spectrum/AliasingDemo.png
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and ending at 130 Hz, well below the Nyquist frequency. The running graphic shows that the distortion 

caused by sampling starts small but increases drastically as the sampling rate approaches 200 Hz, 

below which the apparent frequency - indicated by the number of peaks counted - decreases. 

 

A pure sine or cosine wave that has an exact integral number of cycles within the recorded signal has a 

single non-zero Fourier component corresponding to its frequency (above left). Conversely, a signal 

consisting of zeros everywhere except at a single point, called a delta function, has equal Fourier 

components at all frequencies (previous page, center). Random noise also has a power spectrum that is 

spread out over a wide frequency range. The noise amplitude distribution depends on the noise color 

(page 29) with pink noise having more power at low frequencies, blue noise having more power at high 

frequencies, and white noise having roughly the same power at all frequencies (above right).  
 

Real signal examples. The figure below shows a 60-second recording of a heartbeat, called an electro-

cardiograph (ECG), which is an example of a periodic waveform that repeats over time. The figure 

shows the waveform in blue in the top 

panel and its frequency spectrum in red in 

the bottom panel. The smallest repeating 

unit of the signal is called the period, and 

the reciprocal of that period is called the 

fundamental frequency. Non-sinusoidal 

periodic waveforms like this exhibit a 

series of frequency components that are 

multiples of the fundamental frequency, 

which are called "harmonics". This 

spectrum shows a fundamental frequency 

of 0.6685 Hz, with multiple harmonics at 

frequencies that are ×2, ×3, ×4..., etc., 

times the fundamental frequency. The 

lowest frequency in the spectrum is 0.067 

Hz (the reciprocal of the recording time) 

and the highest is 400 Hz (one-half the 

sampling rate). The fundamental and the 

http://en.wikipedia.org/wiki/Electrocardiography
http://en.wikipedia.org/wiki/Electrocardiography
http://en.wikipedia.org/wiki/Fundamental_frequency
https://terpconnect.umd.edu/~toh/spectrum/ECGlarge.png
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harmonics are sharp peaks, and they are labeled with their frequencies on tis graph. The spectrum is 

qualitatively similar to that for perfectly regular identical peaks (graphic). (Recorded vocal sounds, 

especially vowels, also have this kind of periodic waveform with harmonics (graphic)). The sharpness 

of the peaks in the electrocardiogram shows that the amplitude and the frequency are very constant 

over the 60 second recording interval in this example (which is normal behavior for a healthy heart). 

Changes in amplitude or frequency over the recording interval will produce clusters or bands 

of Fourier components rather than sharp peaks, as in the example on page 303. 

Another familiar example of stable periodic oscillation is the seasonal variation in temperature, for 

example, the average daily temperature measured in New York City between 1995 and 2015, shown in 

the figure below. This signal exhibits obvious periodicity, except for the sharp negative spikes (which 

are due to missing data points ï perhaps local power outages). Note the logarithmic scale on the y-axis 

of the spectrum in the bottom panel. This spectrum covers a very wide range of amplitudes. 

 

In this example, the spectrum in the lower panel, in red, is plotted with time (the reciprocal of 

frequency) on the x-axis. This is called a periodogram. Despite the considerable random noise due to 

local weather variations and missing data, this shows the 

expected peak at exactly 1 year. That peak is over 100 

times stronger than the background noise and is very 

sharp because the periodicity is extremely precise (in 

fact, it is literally astronomically precise). In contrast, the 

random noise is not periodic but rather is spread out 

roughly equally over the entire periodogram.  
 

The figure on the right shows some simulated data that 

demonstrates how hard it is to see a periodic component 

in the presence of random noise, and yet how easy it is to 

pick it out in the frequency spectrum. In this example, the 

signal (top panel) contains an equal mixture of random 

https://terpconnect.umd.edu/~toh/spectrum/EvenlySpacedSpikes.png
https://terpconnect.umd.edu/~toh/spectrum/EvenlySpacedSpikes.png
https://terpconnect.umd.edu/~toh/spectrum/VocalHarmonics.png
https://terpconnect.umd.edu/~toh/spectrum/VocalHarmonics.png
https://terpconnect.umd.edu/~toh/spectrum/CaseStudies.html#F
https://terpconnect.umd.edu/~toh/spectrum/NYCTemp.png
http://coolwiki.ipac.caltech.edu/index.php/What_is_a_periodogram%3F
https://terpconnect.umd.edu/~toh/spectrum/NYCTemp.png
https://terpconnect.umd.edu/~toh/spectrum/PlotFrequencySpectrum.png
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white noise and a single sine wave. The sine wave is almost completely obscured by the random noise. 

The frequency spectrum (created using my Matlab/Octave function "PlotFrequencySpectrum") is 

shown in the bottom panel. The frequency spectrum of the white noise is spread out evenly over the 

entire spectrum, whereas the sine wave is concentrated into a single spectral element, where it stands 

out clearly. Here is the Matlab/ Octave code that generated that figure. You can Copy and Paste it into 

Matlab/Octave:  

x=[0:.01:2*pi]';  

y=sin(200*x)+randn(size(x));  

subplot(2,1,1);  

plot(x,y);  

subplot(2,1,2);  

PowerSpectrum= PlotFrequencySpectrum (x,y,1,0,1);  

A common practical application is the use of the power spectrum as a diagnostic tool to distinguish 

between signal and noise components. An example is the AC power-line pickup depicted in the figure 

below, which has a fundamental frequency of 60 Hz in the USA (why that frequency?) or 50 Hz in 

many other countries. Again, the sharpness of the peaks in the spectrum shows that the amplitude and 

the frequency are very constant. Power companies take pains to keep the frequency of the AC very 

constant to avoid problems between different sections of the power grid. Other examples of signals and 

their frequency spectra are shown below. 

 

iSignal, showing data from an audio recording, zoomed in to the ñquietò period immediately before 

(left) and after (right) the actual sound. This shows there is a residual sinusoidal oscillation in those 

periods (x = time in seconds). In the lower panel, the power spectrum of each signal (x = frequency in 

Hz) shows a strong sharp peak very near 60 Hz, suggesting that this oscillation is caused by stray pick-

up from the 60 Hz power line (since it was recorded in the USA. Had the recording been made in 

Europe, it would be 50 Hz). Improved shielding and grounding of the equipment might reduce this 

interference. The "before" spectrum, on the left, has a frequency resolution of only 10 Hz (the 

reciprocal of the recording time of about 0.1 seconds) and it includes only about 6 cycles of the 60 Hz 

frequency (which is why that peak in the spectrum is the 6th point). To achieve a better resolution you 

https://terpconnect.umd.edu/~toh/spectrum/PlotFrequencySpectrum.m
https://terpconnect.umd.edu/~toh/spectrum/PlotFrequencySpectrum.m
http://www.allaboutcircuits.com/news/why-is-the-us-standard-60-hz/
http://www.allaboutcircuits.com/news/why-is-the-us-standard-60-hz/
https://terpconnect.umd.edu/~toh/spectrum/SilenceBeforeSignal.png
https://terpconnect.umd.edu/~toh/spectrum/SilenceAfterSignal.png
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would have had to have begun the recording earlier, to achieve a longer recording. The "after" 

spectrum, on the right, has an even shorter recording time and thus a poorer frequency resolution. 

Peak-type signals have power spectra that are concentrated in a range of low frequencies, whereas 

random noise often spreads out over a much wider frequency range. This is the reason smoothing (low-

pass filtering) can make a noisy signal look nicer, but also why smoothing does not usually help with 

quantitative measurement, because most of the peak information is found at low frequencies, where 

low-frequency noise remains unchanged by smoothing (See page 44). 

  
 The figures above show a classic example of harmonic analysis. It shows the annual variation in the 

number of sunspots observed, which have been recorded annually since the year 1700! In this case, the 

time axis is in years (top window). A plot of the power spectrum (bottom window, left) shows a strong 

peak at 0.09 cycles/year, and the periodogram (right) shows a peak at the well-known 11-year cycle, 

plus some evidence of a weaker cycle at around a 100-year period. (You can download this data set or 

the latest yearly sunspot data from NOAA. These frequency spectra are plotted using my Matlab 

function iSignal (page 376). In this case, the peaks in the spectrum are not sharp single peaks, but 

rather form a cluster of Fourier components, because the amplitude and the frequency are not constant 

over the nearly 300-year interval of the data, as is obvious by inspecting the data in the time 

domain. The strong solar 

flares observed in 2024 fall 

on the next predicted sunspot 

maximum and also on a 

maximum in the solar radio-

frequency emissions, which 

effects communications and 

power grids.  

An example of a time series 

with complex multiple 

periodicities is the world-

https://terpconnect.umd.edu/~toh/spectrum/sunspots.txt
https://www.ngdc.noaa.gov/stp/solar/ssndata.html
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://svs.gsfc.nasa.gov/14593#:~:text=During%20the%20week%20of%20May%2010%20to%20May,date%20on%20May%2014%20that%20peaked%20at%20X8.7.
https://svs.gsfc.nasa.gov/14593#:~:text=During%20the%20week%20of%20May%2010%20to%20May,date%20on%20May%2014%20that%20peaked%20at%20X8.7.
https://www.swpc.noaa.gov/products/solar-cycle-progression
https://www.swpc.noaa.gov/products/solar-cycle-progression
https://www.swpc.noaa.gov/phenomena/f107-cm-radio-emissions
https://www.swpc.noaa.gov/phenomena/f107-cm-radio-emissions
https://www.discovermagazine.com/the-sciences/solar-flares-are-stunning-but-are-they-dangerous-heres-what-to-know
https://www.discovermagazine.com/the-sciences/solar-flares-are-stunning-but-are-they-dangerous-heres-what-to-know
https://terpconnect.umd.edu/~toh/spectrum/SunspotSpectrumMode2.png
https://terpconnect.umd.edu/~toh/spectrum/PageLoads.png
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wide daily page views (x=days, y=page views) for this web site over a 2070-day period (about 5.5 

years). In the periodogram plot (shown here) you can clearly see sharp peaks at 7 and 3.5 days, 

corresponding to the first and second harmonics of the expected workday/weekend cycle. It also shows 

smaller peaks at 365 days (corresponding to a sharp dip each year during the winter holidays in the 

northern hemisphere) and at 182 days (roughly a half-year), perhaps caused by increased use in the 

two-per-year semester cycle at universities. The large values at the longest times are caused by the 

gradual increase in use over that time period, which can be thought of as a very low-frequency 

component whose period is much longer than the entire data record.  

Another example is shown below. The signal (in the top window) contains no visually evident periodic 

components. It seems to be just 

random noise. However, the frequency 

spectrum (in the bottom window) 

shows that there is much more to this 

signal than meets the eye. There are 

two major frequency components: one 

at low frequencies around 0.02 and the 

other at high frequencies between 0.5 

and 5. (If the x-axis units of the signal 

plot had been seconds, the units of the 

frequency spectrum plot would be Hz. 

Note that the x-axis is logarithmic). In 

this case, the lower frequency 

component is, in fact, the signal, and 

the frequency component is residual 

blue noise remaining from previous 

signal processing operations. The two 

components are fortunately well separated on the frequency axis, suggesting that low-pass filtering 

(i.e., smoothing, page 42) will be able to remove the noise without distorting the signal.  

In all the examples shown above, the signals are time-series signals with frequency (or time) as the 

independent variable. More generally, it is possible to compute the Fourier transform and power 

spectrum of any signal, such as an optical spectrum, where the independent variable might be 

wavelength or wavenumber, or an electrochemical signal, where the independent variable might be 

volts, or a spatial signal, where the independent variable might be in length units. In such cases, the 

units of the x-axis of the power spectrum are simply the reciprocal of the units of the x-axis of the 

original signal (e.g., nm-1 for a signal whose x-axis is in nm).  

https://terpconnect.umd.edu/~toh/spectrum/Summary4.txt
http://terpconnect.umd.edu/~toh/spectrum/
https://terpconnect.umd.edu/~toh/spectrum/PageLoads.png
https://terpconnect.umd.edu/~toh/spectrum/iSignal27spectrum.png
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Analysis of the frequency spectra of signals 

provides another way to understand signal-to-

noise ratio, filtering, smoothing, and 

differentiation. Smoothing is a form of low-

pass filtering, reducing the high-frequency 

components of a signal. If a signal consists of 

smooth features, such as Gaussian peaks, then 

its spectrum will be concentrated mainly 

at low frequencies. The wider the width of the 

peak, the more concentrated the frequency 

spectrum will be at low frequencies. (If the 

figure below does not animate, click this link). 

A signal that has white noise (spread out evenly 

over all frequencies), then smoothing will make 

the signal look better, because it reduces the 

high-frequency components of the noise. However, the low-frequency noise will remain in the signal 

after smoothing, where it will continue to interfere with the measurement of signal parameters such as 

peak heights, positions, widths, and areas. This can be demonstrated by a least-squares measurement.  
 

Conversely, differentiation is a form of high-

pass filtering, reducing the low-frequency 

components of a signal and emphasizing 

any high-frequency components present in the 

signal. A simple computer-generated Gaussian 

peak shown above (click for GIF animation) 

has most of its power is concentrated in just a 

few low frequencies, but as successive orders 

of differentiation are applied (in the yellow 

circle), the waveform of the derivative swings 

from positive to negative like a sine wave, and 

its frequency spectrum shifts progressively to 

higher frequencies. This behavior is typical 

of any signal with smooth peaks. So, the 

optimum range for signal information of a differentiated signal is restricted to a relatively narrow 

range, with little useful information above and below that range.  

The fact that white noise (page 27) is spread out in the frequency domain roughly equally over all 

frequencies has a subtle advantage over other noise colors when the signal and the noise cannot be 

cleanly separated in the time domain. You can more easily estimate the intensity of the noise by 

observing it in frequency regions where the signal does not interfere, since most signals do not occupy 

the entire spectrum frequency range. This idea will be used later as a method for estimating the errors 

of measurements that are based on least-squares curve fitting of noisy data (page 170). 

The technique of peak sharpening (page 78) also emphasizes the high-frequency components by adding 

https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://terpconnect.umd.edu/~toh/spectrum/EffectOfWidth.gif
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html#Smoothing
https://terpconnect.umd.edu/~toh/spectrum/DerivGaussSpectrum.gif
https://terpconnect.umd.edu/~toh/spectrum/DerivGaussSpectrum2.gif
https://terpconnect.umd.edu/~toh/spectrum/ResolutionEnhancement.html
https://terpconnect.umd.edu/~toh/spectrum/DerivGaussSpectrum.gif
https://terpconnect.umd.edu/~toh/spectrum/EffectOfWidth.gif
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a portion of the second and fourth derivatives to the original signal. You can see this clearly in the 

Matlab/Octave script PeakSharpeningFrequencySpectrum.m, which shows the frequency spectrum of 

the original and sharpened version of a signal consisting of several peaks (graphic).  

SineToDelta.m. A demonstration animation (click for animated graphic) shows the waveform and the 

power spectrum of a rectangular pulsed sine wave of variable duration (whose power spectrum is a 

"sinc" function) changing continuously from a pure sine wave at one extreme (where its power 

spectrum is a delta function) to a single-point pulse at the other extreme (where its power spectrum is a 

flat line).GaussianSineToDelta.m is similar, except that it shows a Gaussian pulsed sine wave, whose 

power spectrum is a Gaussian function, but which is the same at the two extremes of pulse duration 

(animated graphic).  

Real experimental signals are often contaminated with drift and baseline shift, which are essentially 

low-frequency effects, and random noise, which is usually spread out over all frequencies. For these 

reasons, differentiation is always used in 

conjunction with smoothing. Working 

together, smoothing and differentiation act 

as a kind of frequency-selective bandpass 

filter that optimally passes the band of 

frequencies containing the differentiated 

signal information but reduces both the 

lower-frequency effects, such as slowly 

changing drift and background, as well as 

the high-frequency noise. An example of 

this can be seen in the DerivativeDemo.m described in a previous section (page 75). In the set of six 

original signals, shown above in different colors, the random noise occurs mostly in high frequencies, 

with many cycles over the x-axis range, and the baseline shift is a much lower-frequency phenomenon, 

with only a small fraction of one cycle occurring over that range. In contrast, the peak of interest, in the 

center of the x-range, occupies an intermediate frequency range, with a few cycles over that range. 

Therefore, you could predict that a quantitative measure based on differentiation and smoothing might 

work well, because that emphasizes the intermediate frequencies. 

Smoothing and differentiation change the amplitudes of the various frequency components of signals, 

but they do not change or shift the frequencies themselves. An experiment described later (page 394) 

illustrates this idea by smoothing and differentiating a brief recording of human speech. Interestingly, 

different degrees of smoothing and differentiation will change the timbre of the voice but has little 

effect on the intelligibility, because the sequence of pitches is not shifted in pitch or time but merely 

changed in amplitude by smoothing and differentiation. Because of this, recorded speech can survive 

digitization, transmission over long distances, algorithmic compression, and playback via tiny speakers 

and headphones without significant loss of intelligibility. Music, on the other hand, suffers greater loss 

under such circumstances, as you can tell by listening to telephone "hold" music, which often sounds 

terrible even though speech over the same connection is very intelligible, because music has a different 

frequency structure than speech. Cochlear implants for the hearing impaired have the same limitation 

(as dramatized in the 2019 movie ñThe Sound of Metalò). 

https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningFrequencySpectrum.m
https://terpconnect.umd.edu/~toh/spectrum/PeakSharpeningFrequencySpectrum.png
https://terpconnect.umd.edu/~toh/spectrum/SineToDelta.m
https://terpconnect.umd.edu/~toh/spectrum/SineToDelta.gif
https://terpconnect.umd.edu/~toh/spectrum/GaussianSineToDelta.m
https://terpconnect.umd.edu/~toh/spectrum/GaussianSineToDelta.gif
https://terpconnect.umd.edu/~toh/spectrum/DerivativeDemo.m
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html#sounds
https://en.wikipedia.org/wiki/Timbre
https://www.reddit.com/r/AskEngineers/comments/2dwj84/why_does_hold_music_always_sound_so_terrible/
https://terpconnect.umd.edu/~toh/spectrum/OriginalSignals.png
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Software details 
In a spreadsheet or computer language, a sine wave can be described by the 'sin' function y=sin(2ˊfx+p) 

or y=sin(2ˊ(1/t)x+p), where ́  is 3.14159...., f is frequency of the waveform, t is the period of the 

waveform, p is the phase, and x is the independent variable (usually time).  

There are several Web sites that can compute Fourier transforms interactively (e.g. WolframAlpha). 

Microsoft Excel has an add-in function that makes it possible to perform Fourier transforms relatively 

easily: (Click Tools > Add-Ins... > Analysis Toolpak > Fourier Analysis). See "Excel and Fourier" 

for details. See ñExcellaneousò for an extensive and excellent collection of add-in functions and macros 

for Excel, courtesy of Dr. Robert deLevie of Bowdoin College. There are several dedicated FFT 

spectral analysis programs, including ScopeDSP (https://iowegian.com/scopedsp/) 

and Audacity (http://sourceforge.net/projects/audacity/). If you are reading this online, you can Ctrl-

Click these links to open these sites automatically  

Matlab and Octave 
Matlab and Octave have built-in functions for computing the Fourier transform (fft  and ifft ). These 

functions express their results as complex numbers. For example, if you compute the Fourier transform 

of a simple 3-element vector, you get a 3-element result of complex numbers: 

y=[0 1 0];  

fft(y)  

ans = 1.0000     - 0.5000 - 0.8660i     - 0.5000+0.8660i  

where the "i" indicates the "imaginary" part. The first element of the fft is just the sum of elements in y. 

The inverse fft, ifft([1.0000     - 0.5000 - 0.8660i     - 0.5000+0.8660i]),  returns the 

original vector [0 1 0] .   

For another example, the fft of [0 1 0 1] is [2  0  -2  0]. In general, the fft of an n-element vector of real 

numbers returns an n-element vector of real or complex numbers, but only the first n/2+1 elements are 

unique. The rest of the elements is a mirror image of the first. Operations on individual elements of the 

fft, such as in Fourier filtering, must take this structure into account. 
 

The frequency spectrum ñsò of a signal vector "y" can be computed as real(sqrt(fft( y) .* 

conj(fft(s)))) . Here is a simple example where you know the answer in advance, at least 

qualitatively: an 8-element vector of integers that trace out a single cycle of a sine wave:  

y=[0 7 10 7 0 - 7 - 10 - 7];  

s=real(sqrt(fft(y).*conj(fft(y))))   

The frequency spectrum in this case is [0 39.9 0 0.201 0 0.201 0 39.9] . \ 
 

In Python, the syntax is similar: y=np.array([0, 7, 10, 7, 0, - 7, - 10, - 7])  

s=np.real(np.sqrt(fft.fft(y)*np.conj(fft.fft(y)))) . Again, the first element is the 

average (which is zero) and elements 2 through 4 are the mirror image of the last 4. The unique 

elements are the first four, which are the amplitudes of the sine wave components whose frequencies 

are 0, 1, 2, 3 times the frequency of a sine wave that would just fit a single cycle in the period of the 

signal. In this case, is the second element (39.8) that is the largest by far, which is just what you would 

https://www.google.com/search?q=fourier+transform&ie=utf-8&oe=utf-8&aq=t&rls=org.mozilla:en-US:unofficial&client=seamonkey-a#q=calculate+discrete+fourier+transform+online
http://www.wolframalpha.com/input/?i=Fourier+transform+calculator
http://www.brainmapping.org/NITP/PNA/tests/ProblemSet3_files/FourierExcel.htm
https://learn.bowdoin.edu/excellaneous/
https://iowegian.com/scopedsp/
http://sourceforge.net/projects/audacity/
http://en.wikipedia.org/wiki/MATLAB
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/FFT.txt
https://terpconnect.umd.edu/~toh/spectrum/IFFT.txt
https://terpconnect.umd.edu/~toh/spectrum/FourierFilter.html


Page | 104  

expect for a signal that approximates a single cycle of a sine (rather than a cosine) wave. Had the signal 

been two cycles of a sine wave, s = [0 10 0 -10 0 10 0 -10], the third element would have been the 

strongest (try it). The highest frequency that can be represented by an 8-element vector is one that has a 

period equal to 2 elements. It takes a minimum of 4 points to show one cycle, e.g. [0  +1  0  -1].  
 

If you are reading this online, click here for a Matlab script that creates and plots a sine wave and then 

uses the fft function to calculate and plot the power spectrum. Try different frequencies (third line). 

Watch what happens when the frequency approaches 50. Hint: the Nyquist frequency is 1/(2*Deltat) = 

1/0.02=50. Also, see what happens when you change Deltat (first line), which determines how fine the 

sine wave is sampled.  
 

My function FrequencySpectrum.m (syntax fs=FrequencySpectrum(x,y) ) returns real part of the 

Fourier power spectrum of x,y as a matrix. PlotFrequencySpectrum.m plots frequency spectra and 

periodograms on linear or log coordinates. Type "help PlotFrequencySpectrum" or try this example: 

    x=[0:.01:2*pi]';  

  f=25; % Frequency  

  y=sin(2*pi*f*x)+randn(size(x));  

  subplot(2,1,1);  

  plot(x,y);  

  subplot(2,1,2);  

  FS=PlotFrequencySpectrum(x,y,1,0,1);  
  

The plot of the frequency spectrum FS (plotit(FS) ; graphic) shows a single strong peak at 25. The 

frequency of the strongest peak in FS is given by FS(val2ind(FS(:,2),max(FS(:,2))),1).  

For some other examples of using FFT, see these examples. A ñSlow Fourier Transformò function has 

also been published, but is 3000 to 7000 times slower with a 10,000-point data vector. You can prove 

this by this bit of code that you can copy/paste into the Matlab command line: 

y=cos(.1:.01:100);  tic; fft(y); ffttime=toc; tic; sft(y); sfttime=toc; 

TimeRatio=sfttime/ffttime.  

Time-segmented Fourier power spectrum.  

The function PlotSegFreqSpect.m, syntax PSM = PlotSegFreqSpect(x,  y,  NumSegments,  

MaxHarmonic,  logmode) , creates and 

displays a time-segmented Fourier power 

spectrum. It breaks the signal into 

'NumSegments' equal-length segments, 

multiplies each by an apodizing Hanning 

window, computes the power spectrum of 

each segment, and plots the magnitude of 

the first 'MaxHarmonic' Fourier com-

ponents versus segment number as a 

contour plot. The function returns the 

power spectrum matrix (time-frequency-

amplitude) as a matrix of size 

NumSegments x MaxHarmonic. If 

https://terpconnect.umd.edu/~toh/FrequencySpectrumDemo.m
https://terpconnect.umd.edu/~toh/spectrum/FrequencySpectrum.m
https://terpconnect.umd.edu/~toh/spectrum/PlotFrequencySpectrum.m
https://terpconnect.umd.edu/~toh/spectrum/FrequencySpectrumExample.png
https://www.mathworks.com/examples/search?q=fourier
https://terpconnect.umd.edu/~toh/spectrum/sft.m
http://www.mathworks.com/matlabcentral/fileexchange/2271-numerical-methods-for-physics/content/edition1/matlab4/sft.m
https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpect.m
https://en.wikipedia.org/wiki/Contour_line
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logmode=1, it computes and plots the base10 log of the amplitudes as a contour plot with different 

colors representing amplitudes (blue=low amplitude and yellow=high). Other examples in the help file 

include the spectrum of a passing automobile horn, showing the Doppler effect, and of a sample of 

human speech (or sonogram) shown in example 2 (graphic on previous page, right).  
 

The next example (script) shows a complex signal consisting of three components added together 

(below left): two weak Gaussian peaks at x=5000 and 10000 (blue) with height=0.15, a strong swept-

frequency sine-wave interference (red), and white 

noise (green). When you add up all three of those 

components, the Gaussian peaks are totally buried 

and are invisible in the raw signal, above right. (I 

will call this the ñburied peaksò signal, and I will 

use it again later, page 134). Inspection of the 

PlotSegFreqSpect function (left) reveals the strong 

diagonal stripe of yellow from the swept sine wave 

and the blue and white background from the 

random noise, but you also see two yellow blobs in 

time segments 2 and 4 at the bottom of the 

segmented spectrum (left). What that tells us is that 

there is something around the 2nd and 4th time 

segments that has higher frequencies than the 

surrounding area. Once you see that, you can constrain the range of further observation there and can 

verify the peaks by smoothing to reduce the high frequencies or by curve-fitting to the raw data 

(introduced on page 173). In fact, the curve fitting results shown below give good values (±10% or 

better) for the peak positions (true values =5000 and 10000), heights (0.15), and widths (2500), despite 

the invisibility of the peaks in the raw data.  
 

   Peak#   Position    Height     Width      Area  

              1      5031.4     0.15749    2280.6     382.33  

              2      10036      0.16136    2407.2     413.46  
 

But you must see the peaks to know how to try that. Based on the raw data alone, you might never try.  

https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpectExample1.png
https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpectExample2.png
https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpectExample2.png
https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpectExample6.m
https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpectExample6c.png
https://terpconnect.umd.edu/~toh/spectrum/Example6CurveFitResults.png
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§ĤƚĲƖƻŔŰŊШ[ƖĲƕƨĲŰĦǃШÉƓĲĦƣƖċШƽŔƣőШŔÉŔŊŰċũШ 
iSignal (page 376) is a multi-purpose interactive signal processing tool that has a Frequency 

Spectrum mode, toggled on and off by the Shift-S key, which computes the frequency spectrum of the 

segment of the signal displayed in the upper window and displays it in the lower window (in red). You 

can use the pan and zoom keys to adjust the region of the signal to be viewed or press Ctrl -A to select 

the entire signal. Press Shift-S again to return to the normal mode. In the frequency spectrum mode, 

you can press Shift-A to cycle through four plot modes (linear, semilog X, semilog Y, or log-log). 

Because of the wide range of amplitudes and frequencies exhibited by some signals, the log plot modes 

often result in a clearer graph that the linear modes. You can also press Shift-X to toggle the x-axis 

between frequency and time. Details and instructions are on page 376. You can download a ZIP file that 

contains iSignal.m version 8 and some demos and sample data for testing.  

Frequency visualization.  
What happens if the frequency content changes with time? Consider, for example, the signal shown in 

the following figure. The signal (download from SineBursts.mat) consists of three intermittent bursts of 

sinewaves of three different frequencies, with zeros between the bursts. 

 
The Matlab function iSignal.m displays a signal (top panel) and its frequency spectrum (bottom panel). 

Here the signal is shown in the upper panel in the iSignal.m function (page 376) by typing:  
 

load SineBursts  

isignal(x,y);  
 

at the Matlab command prompt. By pressing Shift-S, its frequency spectrum is displayed in the lower 

panel, which shows three discreet frequency components. But which one is which? The normal Fourier 

transform by itself offers no clue, but iSignal allows you to pan and zoom across the signal, using the 

cursor arrow keys, so you would be able to isolate each. Alternatively, my function 

https://terpconnect.umd.edu/~toh/spectrum/iSignal.html#Spectrum
https://terpconnect.umd.edu/~toh/spectrum/iSignal.html#Spectrum
https://terpconnect.umd.edu/~toh/spectrum/iSignal8.zip
https://terpconnect.umd.edu/~toh/spectrum/SineBursts.mat
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
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PlotSegFreqSpec.m, just described in the previous section (figures below) is another way to display this 

signal in a single static graphic that clearly displays the time and frequency variation of the signal.  

 

You can do a similar visualization with Matlabôs inbuilt ñShort Time Fourier Transformò function 

stft.m (below), which displays both positive and negative frequencies.  

ÉŔŊŰċũШĲŰőċŰĦĲůĲŰƣШ 
A very important feature of iSignal is that all signal processing functions remain active in the frequency 

spectrum mode (smooth, derivative, etc.), so you can observe the effect of these functions on the 

frequency spectrum of the signal immediately. Some signal processing operations may have the side-

effect of increasing the effect of random noise or of distorting the signal. The advantage of iSignal is 

that you can directly observe the trade-off between the desired effect and the side effects while 

adjusting the signal-processing variables interactively. The figure on the next page shows an example. 

It shows the effect of increasing the smooth width on the 2nd derivative of a signal containing three 

weak noisy peaks. Without smoothing, the signal seems to be all random noise, but with enough 

smoothing, the three weak peaks are clearly visible (in derivative form) and measurable. 

https://terpconnect.umd.edu/~toh/spectrum/PlotSegFreqSpec.m
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
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The animation above shows the frequency spectrum mode of iSignal.m, as the smooth width is varied with the A 

and Z keys. This shows dramatically how the signal (top panel) and the frequency spectrum (below) are both 

affected by smooth width.(If you are reading this online, click for GIF animation.) 

The script ñiSignalDeltaTestò demonstrates the frequency response of the smoothing and differentiation 

functions of iSignal by applying them to a delta function. Change the smooth type, smooth width, and 

derivative order and see how the power spectrum changes. 

Showing that the Fourier spectrum of a Gaussian is also a Gaussian 
One special (math-nerdy) thing about the Gaussian signal shape compared to other shapes is that the 

Fourier frequency spectrum of a Gaussian is also a Gaussian. You can demonstrate this numerically by 

downloading the gaussian.m and isignal.m functions and executing the following statements: 

 

x=- 100:.2:100;  

width=2; y=gaussian(x,0,width);  

isignal([x;y],0,400,0,3,0,0,0,10,1000,0,0,1);  
  

Click on the figure window, press Shift-T to transfer the frequency spectrum to the top panel, then 

press Shift-F, press Enter three times, and click on the peak in the upper window. The program 

computes a least-squares fit of a Gaussian model to the frequency spectrum now in the top panel. The 

fit is essentially perfect. If you repeat this with Gaussians of different widths (e.g., width=1 or 4), you 

will find that the width of the frequency spectrum peak is inversely proportional to the width of the 

signal peak. In the limit of an infinitely narrow peak width, the Gaussian becomes a delta function, and 

its frequency spectrum is flat. In the limit of an infinitely wide peak width, the Gaussian becomes a flat 

https://terpconnect.umd.edu/~toh/spectrum/iSignalSpectrumMode.gif
https://terpconnect.umd.edu/~toh/spectrum/iSignalDeltaTest.m
https://en.wikipedia.org/wiki/Dirac_delta_function
https://terpconnect.umd.edu/~toh/spectrum/gaussian.m
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
https://terpconnect.umd.edu/~toh/spectrum/iSignalSpectrumMode.gif
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line, and its frequency spectrum is non-zero only at zero frequency. 

[ŸƨƖŔĲƖШ9ŸŰƻŸũƨƣŔŸŰ 
Convolution is a "shift-and-multiply" operation performed on two signals. It involves multiplying one 

signal by a delayed or shifted version of another signal, integrating or averaging the product, and 

repeating the process for different delays. Convolution is a useful process because it describes some 

effects that occur widely in scientific measurements, such as the influence of a frequency filter on an 

electrical signal or of the spectral bandpass of a spectrometer on the shape of a recorded optical 

spectrum, which cause the signal to be spread out in time and reduced in peak amplitude.  

 

 

 

Fourier convolution is used here to determine how the optical spectrum in Window 1 (top left) will 

appear when scanned with a spectrometer whose slit function (spectral resolution) is described by the 

Gaussian function in Window 2 (top right). The Gaussian function has already been rotated so that its 

maximum falls at x=0. The resulting convoluted optical spectrum (bottom center) shows that the two 

lines near x=110 and 120 will not be resolved but the line at x=40 will be partly resolved. Fourier 

convolution is used in this way to correct the analytical curve non-linearity caused by spectrometer 

resolution, in hyperlinear absorption spectroscopy (Page 276). 

For large signals, it is common to perform the calculation by point-by-point multiplication of the two 

signals in the Fourier domain. First, the Fourier transform of each signal is obtained. Then the two 

Fourier transforms are multiplied point-by-point by the rules for complex multiplication and the result 

https://www.electronics-tutorials.ws/filter/filter_2.html
https://www.electronics-tutorials.ws/filter/filter_2.html
https://www.horiba.com/en_en/bandpass-resolution/
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is then inverse Fourier transformed. Fourier transforms are usually expressed in terms of "complex 

numbers", with real and imaginary parts. If the Fourier transform of the first signal is a + ib, and the 

Fourier transform of the second signal is c + id, then the product of the two Fourier transforms is 

(a + ib)(c + id)  =  (ac - bd) + i(bc + ad). Although this seems to be a round-about method, it turns out 

to be faster than the shift-and-multiply algorithm when the number of points in the signal is large. 

Convolution can be used as a powerful and general algorithm for smoothing and differentiation. Many 

computer languages will perform this operation automatically when the two quantities divided are 

complex. In typeset mathematical texts, convolution is often designated by the symbol Ǘ (Reference). 

Fourier convolution is used as a very general algorithm for the smoothing and differentiation of digital 

signals, by convoluting the signal with a (usually) small set of numbers representing the convolution 

vector. Smoothing is performed by convolution with sets of positive numbers, e.g. [1 1 1] for a 3-point 

boxcar. Convolution with [ï1 1] computes a first derivative. Convolution with [1 -2 1] computes a 

second derivative. Successive convolutions by Conv1 and then Conv2 is equivalent to one convolution 

with the convolution of Conv1 and Conv2. First differentiation with smoothing is done by using a 

convolution vector in which the first half of the coefficients is negative, and the second half is positive 

(e.g. [-1 -2 0 2 1]).  

ÉŔůƓũĲШƽőŸũĲрŰƨůĤĲƖШĦŸŰƻŸũƨƣŔŸŰШƻĲĦƣŸƖƚ 

Differentiation vectors: 
[ - 1 1]          First derivative  

[1 - 2 1]        Second derivative  

[1 - 3 3 - 1]     Third derivative  

[1 - 4 6 - 4 1]   Fourth derivative  
 

Results of successive convolution by two vectors Conv1 and Conv2: (Ǘ stands for 

convolution)  
 

Conv1                            Conv2         Result                               Description 

[1 1 1]      Ǘ   [1 1 1]   = [1 2 3 2 1]         Triangular smooth  

[1 2 1]      Ǘ   [1 2 1]   = [1 4 6 4 1]         P- spline smooth  

[ - 1 1]       Ǘ   [ - 1 1]    = [1 - 2 1]            2nd derivative  

[ - 1 1]       Ǘ   [1 - 2 1] = [1 - 3 3 - 1]         3rd derivative  

[1 - 2 1]     Ǘ   [1 - 2 1] = [1 - 4 6 - 4 1]                4th derivative  

[ - 1 1]       Ǘ   [1 1 1]   = [1 0 0 - 1)          1st derivative gap - segment  

[ - 1 1]       Ǘ   [1 2 1]   = [1 1 - 1 - 1)         Smoothed 1st derivative  

[1 1 - 1 - 1] Ǘ   [1 2 1]   = [1 3 2 - 2 - 3 - 1]    Same with more smoothing  

[1 - 2 1]     Ǘ   [1 2 1]   = [1 0 - 2 0 1]        2nd derivative gap - segment  

[1 1 1 1]    Ǘ   [1 1 1 1] = [1 2 3 4 3 2 1]    2 passes of 4-point sliding average 

  

Rectangle  rectangle = triangle or trapezoid, depending on relative widths. 

Gaussian  Gaussian = Gaussian of greater width. 

https://en.wikipedia.org/wiki/Complex_number
https://en.wikipedia.org/wiki/Complex_number
https://en.wikipedia.org/wiki/Convolution
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Gaussian    Lorentzian = Voigt profile (i.e., something in between Gaussian and Lorentzian, depending 

on relative widths. Similar (but not identical) to the weighted sum of a Gaussian and Lorentzian). 

ÉŸŉƣƽċƖĲШĬĲƣċŔũƚШŉŸƖШĦŸŰƻŸũƨƣŔŸŰ 
 

Spreadsheets can perform "shift-and-multiply" convolution for digitally sampled data sets (for 

example, MultipleConvolution.xlsx, MultipleConvolutionFirstDerivativeDemo.xls (screen shot) and 

MultipleConvolution4thDerivativeDemo.xls (screen shot) for Excel and MultipleConvolutionOO.ods 

for Calc), but for larger data sets the performance is slower than Fourier convolution (which is easier 

done in Matlab/Octave or in Python than in spreadsheets). Spreadsheets, however, show the cell-by-cell 

"shift-and-multiply" operation more clearly and explicitly. 

Matlab/Octave have a built-in function for convolution of two vectors: conv (numpy.convolve in 

Python). This function can be used to create filters and smoothing functions, such as sliding-average 

and triangular smooths:  

ysmoothed=conv(y,[1 1 1 1 1],'same')./5;   

This smooths the vector y with a 5-point unweighted sliding average (boxcar) smooth. 

ysmoothed=conv(y,[1 2 3 2 1],'same')./9;   

This smooths the vector y with a 5-point triangular smooth. (The optional argument 'same' returns the 

central part of the convolution that is the same size as y. If that optional argument is "full", then the 

length of the result is one less than the sum of the lengths of the two vectors). 

Differentiation can be combined with smoothing by using a convolution vector in which the first half of 

the coefficients is negative, and the second half is positive (e.g. [ - 1 0 1], [ - 2 - 1 0 1 2] , or [ -

3 - 2 - 1 0 1 2 3] ). These compute a first derivative with increasing amounts of smoothing.  

The conv function in Matlab/Octave can easily be used to combine successive convolution operations, 

for example, a second differentiation followed by a 3-point triangular smooth: 
 

>> conv([1 - 2 1],[1 2 1])  

ans =  1     0    - 2     0     1 

The next example creates an exponential trailing transfer function (c), which has an effect like a simple 

RC low-pass filter and applies it to y.  

    c=exp( - (1:length(y))./30);    

    yc=conv(y,c,'full')./sum(c);   

In each of the above three examples, the result of the convolution is divided by the sum of the 

convolution transfer function, to ensure that the convolution has a net gain of 1.000 and thus does not 

affect the area under the curve of the signal. This makes the mathematical operation closer to the 

physical convolutions that spread out the signal in time and reduce the peak amplitude but conserve the 

total energy in the signal, which for a peak-type signal is proportional to the area under the curve. 

Alternatively, you could perform the convolution yourself, without using the built-in Matlab/Octave 

"conv" function, by multiplying the Fourier transforms of y and c using the "fft.m" function and then 

inverse transform the result with the "ifft.m" function. The results are essentially the same and the 

elapsed time is slightly faster than using the conv function. However, c must be zero-filled to  match 

https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolution.xlsx
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolution.xlsx
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolutionFirstDerivativeDemo.xls
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolutionFirstDerivativeDemo.png
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolution4thDerivativeDemo.xls
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolution4thDerivativeDemo.png
https://terpconnect.umd.edu/~toh/spectrum/MultipleConvolutionOO.ods
http://en.wikipedia.org/wiki/MATLAB
https://terpconnect.umd.edu/~toh/spectrum/SignalArithmetic.html#Octave
https://terpconnect.umd.edu/~toh/spectrum/conv.txt
https://numpy.org/doc/stable/reference/generated/numpy.convolve.html
https://terpconnect.umd.edu/~toh/spectrum/bsmooth.m
https://terpconnect.umd.edu/~toh/spectrum/tsmooth.m
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the size of yc because the point-by-point multiplication or division of two vectors requires that they 

have the same length.  The "conv" function performs any required zero filling automatically. 

    yc=ifft(fft(y).*fft(c));  

When using convolution for smoothing, it's common to want to keep the area under the signal y the 

same after smoothing. This is easily ensured by dividing by the sum of the members of c: 

yc=ifft(fft(y).*fft(c))./sum(c);  

GaussConvDemo.m shows that a Gaussian of unit height convoluted with a Gaussian of the same 

width is a Gaussian with a height of 1/sqrt(2) and a width of sqrt(2) and of equal area to the original 

Gaussian. (Figure window 2 shows an attempt to recover the original ñyò from the convoluted ñycò by 

using the deconvgauss function). You can optionally add noise in line 9 to show how convolution 

smooths the noise and how deconvolution restores it. Requires gaussian.m, peakfit.m and 

deconvgauss.m in the Matlab path.  

iSignal (page 376) has a Shift-V keypress that displays the menu of Fourier convolution and 

deconvolution operations that allow you to convolute a Gaussian or exponential function with the 

signal and asks you for the Gaussian width or the time constant (in X units).  
 

Fourier convolution/deconvolution menu  

  1. Convolution  

  2. Deconvolution  

Select mode 1 or 2: 1  

  

Shape of convolution/deconvolution function:  

  1. Gaussian  

  2. Exponential  

Select shape 1 or 2: 2  
  

Enter the exponential time constant : 
 

Then you enter the time constant (in x units) and press Enter.  

https://terpconnect.umd.edu/~toh/spectrum/GaussConvDemo.m
https://terpconnect.umd.edu/~toh/spectrum/isignal.m
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~ƨũƣŔƓũĲШƚĲƕƨĲŰƣŔċũШĦŸŰƻŸũƨƣŔŸŰ 
In the real world, signal broadening 

mechanisms are not always reducible to a 

single convolution. Sometimes two or more 

convolution mechanisms may be in play at 

the same time.  A good example of this 

occurs in the technique of twin-column 

recycling separation process (TCRSP), a 

novel chromatography technique in which 

the injected sample is recycled back to the 

two columns for obtaining better and better 

resolution, allowing chromatographers to 

solve challenging separation problems 

caused by the partition coefficients for the 

components being too similar and/or too low 

column efficiencies [reference 90]. In TCRSP, after the sample is separated by the first column, it flows 

into the second identical column, and after that separation, switching valves connect it back into the 

first column. That cycle repeats as many times as required. Each pass through a column increases the 

separation between the components slightly, so that with a sufficiently large number of cycles, very 

similar substances can be separated. Chromatographic separations often involve broadening of the 

peaks by asymmetrical mechanisms (page 140), usually modeled as an exponentially modified 

Gaussian (EMG). Any broadening that occurs in the first pass will occur repeatedly in the subsequent 

passes. The net result will be a final peak shape that cannot be described by a single convolution. The 

success of the TCRSP technique depends on the fact that the separation between the components 

increases faster than the width increase caused by the successive convolutions of broadening 

mechanisms. But multiple sequential convolutions produce results that differ from a single large 

convolution. This is demonstrated by the simple example of two sequential exponential convolutions 

applied to a Gaussian, as shown in the figure on the previous page, generated by a Matlab script. The 

blue curve is the original Gaussian. The red curve is the result of a single convolution by an 

exponential function whose time constant tau is 2. The cyan curve is the result of two successive 

convolutions with that same tau. The orange curve is an attempt to duplicate that with a single wider 

convolution of tau equal to 3. That attempt fails, resulting in a poor match to the cyan curve. In fact, 

experiments show that no single wider exponential convolution can match the result of two (or more) 

successive convolutions. The shape is fundamentally different. Multiple exponential convolutions result 

in a less asymmetrical peak, more shifted to larger x values. On the other hand, a single convolution by 

a function that is the product of the Fourier transforms of the two separate functions does work (black 

dots). With greater numbers of successive convolutions, the peaks become more symmetrical and more 

Gaussian, as demonstrated by this graphic, generated by this Matlab script. (You can choose the 

number of convolutions in line 20 of the script).  

https://www.sciencedirect.com/science/article/abs/pii/S0021967317314188
https://terpconnect.umd.edu/~toh/spectrum/TwiceBroadenedPeak2.m
https://terpconnect.umd.edu/~toh/spectrum/MultipleBroadenedPeak.png
https://terpconnect.umd.edu/~toh/spectrum/MultipleBroadenedPeak.m
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[ŸƨƖŔĲƖШ?ĲĦŸŰƻŸũƨƣŔŸŰ 
Fourier deconvolution is the converse of Fourier convolution in the sense that division is the converse 

of multiplication. If you know that m times x equals n, where m and n are known but x is unknown, 

then x equals n divided by m. Similarly, if you know that the vector M convoluted with the vector 

X equals the vector N, where M and N are known but X is unknown, then X equals M deconvoluted 

from N.  

In practice, the deconvolution of one signal from another is usually performed by point-by-point 

division of the two signals in the Fourier domain, that is, dividing the Fourier transforms of the two 

signals point-by-point and then inverse-transforming the result. Fourier transforms are usually 

expressed in terms of complex numbers, with ñrealò and ñimaginaryò parts representing the sine and 

cosine parts. If the Fourier transform of the first signal is a + ib, and the Fourier transform of the 

second signal is c + id, then the ratio of the two Fourier transforms, by the rules for the division of 

complex numbers, is 

 
Scientific computer languages (such as Fortran, Matlab and Python) will perform this operation 

automatically when two complex numbers are divided.  

Note: It is important to realize that the word "deconvolution" can have two different meanings in the 

scientific literature, which can lead to confusion. The Oxford dictionary defines the word as "A process 

of resolving something into its constituent elements or removing complication in order to clarify it", 

which in one sense applies to Fourier deconvolution. However, the same word is also sometimes used 

for the process of resolving or decomposing a set of overlapping signals into their separate additive 

components by the technique of iterative least-squares curve fitting (page 199) of a proposed model of 

the signal to the data set. However, that process is conceptually distinct from Fourier deconvolution, 

because in Fourier deconvolution, the underlying peak shape is unknown, but the broadening function 

is assumed to be known. But in iterative least-squares curve fitting, it is just the reverse: the peak shape 

is assumed to be known but the width of the broadening process, which determines the width and shape 

of the peaks in the recorded data, is usually unknown. Thus, the term "spectral deconvolution" is 

ambiguous: it might mean the Fourier deconvolution of a response function from a spectrum, or it 

might mean the decomposing of a spectrum into its separate additive components. These are different 

processes. Do not get them confused.  

ƓƓũŔĦċƣŔŸŰƚШŸŉШĬĲĦŸŰƻŸũƨƣŔŸŰ 
Fourier deconvolution is often used as a computational way to reverse the result of a convolution 

occurring in the physical domain, for example, to reverse the signal distortion effect of an electrical 

filter or of the finite resolution of a spectrometer. In some cases, the physical convolution can be 

measured experimentally by applying a single spike impulse ("delta") function to the input of the 

system, then that function can be used as a deconvolution vector. In that application, deconvolution 

works perfectly only when the signals contain no noise and when the original convolution function is 

known exactly. 

http://www.dspguide.com/ch17/2.htm
http://www.dspguide.com/ch6.htm
http://www.mesacc.edu/~scotz47781/mat120/notes/complex/dividing/dividing_complex.html
http://www.mesacc.edu/~scotz47781/mat120/notes/complex/dividing/dividing_complex.html
http://www.oxforddictionaries.com/us/definition/american_english/deconvolution?q=deconvolution
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html
https://terpconnect.umd.edu/~toh/spectrum/FourierDivide.gif
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Fourier deconvolution is used here to remove the distorting influence of an exponential tailing 

response function from a recorded signal (Window 1, top left) that is the result of a low-pass filter built 

into the electronics to reduce noise. The response function (Window 2, top right) must be known and is 

usually either calculated based on some theoretical model or is measured experimentally as the output 

signal produced by applying an impulse (delta) function to the input of the system. The response 

function, with its maximum at x=0, is deconvoluted from the original signal. The result (bottom, center) 

shows a closer approximation to the real shape of the peaks. However, the signal-to-noise ratio is 

unavoidably degraded compared to the recorded signal, because the Fourier deconvolution operation 

is simply recovering the original signal before the low-pass filtering, noise and all. 

(If you are reading this online, click for Matlab/Octave script.) 

Note that this process has an effect that is visually similar to derivative peak sharpening (page 78) 

although the latter requires no specific knowledge of the broadening function that caused the peaks to 

overlap. 

Even if there is no known physical convolution that has broadened the signal, it is possible to use 

deconvolution as a method of peak sharpening by deconvolution of a model of that peak shape from the 

signal. That is referred to as ñself-deconvolutionò, because the shape of the deconvolution function is 

the same as the shape of the peaks in the signal. Self-deconvolution is a common method of peak 

sharpening which can be applied to a signal consisting of one or more peaks of a predictable peak 

shape. The idea is that a noiseless model of the peak shape is deconvoluted from the signal and the 

width of that model peak is adjusted to provide the desired degree of sharpening.  

Deconvolution can also be used to determine the form of an unknown convolution operation that has 

been previously applied to a signal, by deconvoluting the original and the convoluted signals, as shown 

https://terpconnect.umd.edu/~toh/spectrum/DeconvolutionDemo4.m
https://terpconnect.umd.edu/~toh/spectrum/ResolutionEnhancement.html
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in the following page. 

 

 

A different application of Fourier deconvolution is to reveal the nature of an unknown data 

transformation function that has been applied to a data set by the measurement instrument itself. In this 

example, the figure in the top left is an ultraviolet-visible absorption spectrum recorded on a 

commercial photodiode array spectrometer (X-axis: nanometers; Y-axis: milliabsorbance). The figure 

in the top right is the first derivative of that spectrum produced by an (unknown) algorithm in the 

software supplied with the spectrometer. The objective here is to understand the nature of 

the differentiation/ smoothing algorithm that the instrument's internal software uses. The signal in the 

bottom left is the surprisingly simple result of deconvoluting the derivative spectrum (top right) from 

the original spectrum (top left). This, therefore, must be the convolution function used by the 

differentiation algorithm in the spectrometer's software or its equivalent. Rotating and expanding it on 

the x-axis makes the function easier to see (bottom right). Expressed in terms of the smallest whole 

numbers, the convolution series is simply +2, +1, 0, -1, -2, which is a combination of differentiation 

and smoothing (page 110). This elementary example of ñreverse engineeringò makes it easier to 

compare results from other instruments or to duplicate these results on other equipment. 

When applying Fourier deconvolution to experimental data, for example, to remove the effect of a 

known broadening or low-pass filter operator caused by the experimental system, there are three 

serious problems that limit the utility of the method:  
 

(1) A mathematical convolution might not be an accurate model for the convolution occurring in 

the physical domain.  

(2) The width of the convolution - for example, the time constant of a low-pass filter operator or 

the shape and width of a spectrometer slit function - must be known, or at least adjusted by the 

user to get the best results.  

 (3) A serious signal-to-noise degradation commonly occurs. Any noise added to the signal by 

https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html
https://terpconnect.umd.edu/~toh/spectrum/Differentiation.html#Smoothing
https://en.wikipedia.org/wiki/Reverse_engineering
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the system after the convolution by the broadening or low-pass filter operator will be greatly 

amplified when the Fourier transform of the signal is divided by the Fourier transform of the 

broadening operator, because the high frequency components of the broadening operator (the 

denominator in the division of the Fourier transforms) are typically very small, with some 

individual components often of the order of 10-12 or 10-15, resulting a huge amplification of 

those particular frequencies in the resulting deconvoluted signal. This can be controlled to some 

extent by smoothing or filtering to reduce the amplitude of the highest-frequency components.  

You can see the amplification of high-frequency noise happening in the first graphic example above on 

the previous pages. On the other hand, this effect is not observed in the second example, because in that 

case, the noise was present in the original signal, before the convolution performed by the 

spectrometer's derivative algorithm. The high-frequency components of the denominator in the division 

of the Fourier transforms are typically much larger than in the previous example, avoiding the noise 

amplification and divide-by-zero errors, and the only post-convolution noise comes from numerical 

round-off errors in the math computations performed by the derivative and smoothing operation, which 

is always much smaller than the noise in the original experimental signal.  

In many cases, the width of the physical convolution is not known exactly, so the deconvolution must 

be adjusted empirically to yield the best results. Similarly, the width of the final smooth operation must 

also be adjusted for the best results. The result will seldom be perfect, especially if the original signal is 

noisy, but it is often a better approximation to the real underlying signal than the recorded data without 

deconvolution.  

[ŸƨƖŔĲƖШÉĲũŉрĬĲĦŸŰƻŸũƨƣŔŸŰШ 
Self-deconvolution is used to describe the 

deconvolution of a zero-centered model peak of the 

same shape from a signal containing several peaks, 

as a method for peak sharpening and to facilitate 

the measurement of the area of overlapping peaks 

(page 123). Just like the derivative-based 

sharpening methods (page 79), the deconvolution 

algorithm (a) must be adjusted for the width of the 

peaks, (b) is subject to considerable high-frequency 

noise amplification (page 121), and (c) its 

effectiveness depends on the shape of the peaks. 

For example, Gaussian peaks can be reduced in 

width by nearly half (script) and for Lorentzian 

peaks by an even greater factor, as shown in the figure (script). Intermediate shapes, such as the 

Gaussian-Lorentzian blend, are in between, as expected (page 126). However, with high degrees of 

sharpening, the noise amplification will be extreme and a carefully calibrated amount of smoothing 

must be applied to the result, usually by means of a multi-pass sliding average (page 55) or a Fourier 

filter (page 121).  Even then, the technique will be most effective if the signal-to-noise ratio is good, as 

is often the case in various forms of chromatography (page 363). 

https://terpconnect.umd.edu/~toh/spectrum/TestFSDChatGPT.png
https://terpconnect.umd.edu/~toh/spectrum/TestFSDChatGPTLorentzian.m
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9ŸůƓƨƣĲƖШƚŸŉƣƽċƖĲШŉŸƖШĬĲĦŸŰƻŸũƨƣŔŸŰ 
Matlab and Octave 

Matlab and Octave have a built-in function for Fourier deconvolution: deconv. An example of its 

application is shown in the figure on the next 

page: the vector yc (line 6) represents a noisy 

rectangular pulse (y) convoluted with a 

transfer function c before being measured. In 

line 7, c is deconvoluted from yc, to recover 

the original y. This requires that the transfer 

function c be known. The rectangular signal 

pulse is recovered in the lower right (ydc), 

complete with the noise that was present in 

the  original signal. The Fourier deconvolution 

reverses not only the signal-distorting effect of 

the convolution by the exponential function, 

but also its low-pass noise-filtering effect. As 

explained above, there is a significant 

amplification of any noise that is added 

after the convolution by the transfer function 

(line 5). This script can be used to demonstrate that there is a big difference between noise added before 

the convolution (line 3), which is recovered unmodified by the Fourier deconvolution along with the 

signal, and noise added after the convolution (line 6), which is amplified compared to that in the 

original signal. Download this script. Note that the ñsum(c)ò term in line 7 is included simply to scale 

the amplitude of the result (specifically the area under the curve) to match the original y. 
 

x=0:.01:20;y=zeros(size(x));  % 2000 point signal with 200 - point  

y(900:1100)=1;                % rectangle in center, y   

y=y+.01.*randn(size(y));      % Noise added  before  the convolution  

c=exp( - (1:length(y))./30);    % exponential convolution  function, c  

yc=conv(y,c,'full')./sum(c);  % Create exponential trailing function, yc  

% yc=yc+.01.*randn(size(yc)) ; % Noise added  after  the convolution  

ydc=deconv(yc,c).*sum(c);      %  Recover y by  deconvoluting c from yc  

% Plot all the steps  

subplot(2,2,1); plot(x,y); title('original y'); subplot(2,2,2); 

plot(x,c);title('c'); subplot(2,2,3); plot(x,yc(1:2001)); title('yc'); 

subplot(2,2,4); plot(x,ydc);title('recovered y')  
 

Alternatively, you could perform the Fourier deconvolution yourself without using the built-in Matlab/ 

Octave "deconv" function by dividing the Fourier transforms of yc and c using the built-in Matlab/ 

Octave "fft.m" function and inverse transform the result with the built-in Matlab/Octave "ifft.m" 

function. Note that c must be zero-filled to match the size of yc. The results are essentially the same 

(except for the numerical floating-point precision of the computer, which is usually negligible), and it is 

faster than using the deconv function:  
 

ydc=ifft(fft(yc)./fft([c zeros(1,2000)])).*sum(c);   

 

https://terpconnect.umd.edu/~toh/spectrum/deconv.txt
https://terpconnect.umd.edu/~toh/spectrum/DeconvTest.m
https://www.techopedia.com/definition/10143/zero-filling
https://terpconnect.umd.edu/~toh/spectrum/deconvolution.png
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If you are reading this online, click here for a simple explicit example of Fourier convolution and 

deconvolution for a small 9-element vector,  with the vectors printed out at each stage. The 

script DeconvDemo3.m is like the previous example, except that it demonstrates Gaussian Fourier 

convolution and deconvolution of the same slightly noisy rectangular pulse, utilizing the fft/ifft 

formulation just described. The animated screen graphic on the right (If you are reading this online, 

click link for animation) demonstrates the effect of changing the deconvolution width. The raw 

deconvoluted signal in this example (bottom 

left quadrant) is extremely noisy, but that 

noise is mostly "blue" (high frequency) noise 

that you can easily reduce by a little 

smoothing (page 40). As you can see in both 

animated examples here, deconvolution 

works best when the deconvolution width 

exactly matches the width of the convolution 

to which the observed signal has been 

subjected. The further off you are, the worse 

the wiggles and other signal artifacts will be. 

In practice, you must try several different 

deconvolution widths to find the one that 

results in the smallest wiggles, which of 

course becomes harder to see if the signal is very 

noisy. Note that in this example the deconvolution 

width must be within 1% of the convolution width. 

In general, the wider the physical convolution 

width relative to the signal, the more accurately the 

deconvolution width must be matched to the 

physical convolution width. 

 DeconvDemo5.m (left) shows an example with 

two closely-spaced underlying peaks of equal width 

that are completely unresolved in the observed 

signal but are recovered with their 2:1 height ratio 

intact in the deconvoluted and smoothed result. 

This is an example of Gaussian ñself-

deconvolutionò. DeconvDemo6.m is the same except that the underlying peaks are Lorentzian. (Note 

that all these scripts require functions than can be downloaded from http://tinyurl.com/cey8rwh). In all 

the above simulations, the deconvolution method works as well as it does because the signal-to-noise 

ratio of the "observed signal" (upper right quadrant) is quite good. The noise is not even visible on the 

scale presented here. In the absence of any knowledge of the width of the deconvolution function, 

finding the correct deconvolution width depends upon experimentally minimizing the wiggles that 

appear when the deconvolution width is incorrect, and a poor signal-to-noise ratio will make this much 

more difficult. Of course, smoothing can reduce noise, especially high-frequency (blue) noise, but 

smoothing also slightly increases the width of peaks, which works counter to the point of 

https://terpconnect.umd.edu/~toh/spectrum/ConvolutionDeconvolutionExample.txt
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo3.m
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo3.gif
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo5.m
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo6.m
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo6.png
https://terpconnect.umd.edu/~toh/spectrum/functions.html
http://tinyurl.com/cey8rwh
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo3.gif
https://terpconnect.umd.edu/~toh/spectrum/GaussianDeconvolution5.png


Page | 120  

deconvolution, so it must not be overused. The image on the left shows the widths of the peaks (as full 

width at half maximum). The widths of the deconvoluted peaks (lower right quadrant) are only slightly 

larger than in the (unobserved) underlying peaks (upper left quadrant) either because of imperfect 

deconvolution or the broadening effects of the smoothing needed to reduce the high-frequency noise. 

As a rough but practical rule of thumb, if there is any visible noise in the observed signal, it is likely 

that the results of self-deconvolution, of the type shown in DeconvDemo5.m, will be too noisy to be 

useful.  

In the example shown on the right. (Download this script), the underlying signal (uyy) is a Gaussian, 

but in the observed signal (yy) the peak is broadened exponentially resulting in a shifted, shorter, and 

wider peak. Assuming that the exponential broadening time constant ('tc') is known, or can be guessed 

or measured (page 83), the Fourier deconvolution of cc from yy successfully removes the broadening 

(yydc), and restores the original height, position, and width of the underlying Gaussian, but at the 

expense of considerable noise increase. The noise is caused by the fact that a little constant white noise 

has been added after the broadening convolution 

(cc), to make the simulation more realistic. 

However, the noise remaining in the 

deconvoluted signal is "blue" (high-frequency 

weighted, see page 27) and so is easily reduced 

by smoothing (page 44) and has less effect on 

least-square fits than does white noise. (For a 

greater challenge, try more noise in line 6 or a 

bad guess of the time constant ('tc') in line 7). To 

plot the recovered signal overlaid with the 

underlying signal: plot(xx,uyy,xx,yydc) . 

To plot the observed signal overlaid with the 

underlying signal: plot(xx,uyy,xx,yy) . To 

curve fit the recovered signal to a Gaussian to 

determine peak parameters: 

[FitResults,FitError]=peakfit([xx;yydc],26,42,1,1,0,10) , which yields excellent 

values for the original peak positions, heights, and widths. You can demonstrate to yourself that with 

ten times the previous noise level (Noise=.01 in line 6), the values of peak parameters determined by 

curve fitting (page 199) are still quite good, and even with 100x more noise (Noise=.1 in line 6) the 

peak parameters are more accurate than you might expect for that amount of noise (because that noise 

is blue). Remember, there is no need to smooth the results of the Fourier deconvolution before curve 

fitting, as seen previously on page 50 

An alternative to the above deconvolution approach is to use iterative curve fitting (page 199) to fit the 

observed signal directly with an exponentially broadened Gaussian model (shape number 5):   

>> [FitResults,FitError] = peakfit([xx;yy], 26, 50, 1, 5, 70, 10)  
 

Both methods give good values of the peak parameters, but the Fourier deconvolution method is faster 

because fitting the deconvoluted signal with a simple Gaussian model is faster than iteratively curve 

https://terpconnect.umd.edu/~toh/spectrum/GaussianDeconvolution5.png
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo2.m
http://en.wikipedia.org/wiki/Colors_of_noise
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/Smoothing.html#NOT_smooth
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html
https://terpconnect.umd.edu/~toh/spectrum/CurveFittingC.html#Exponential_broadening
https://terpconnect.umd.edu/~toh/spectrum/DeconvDemo2.png
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fitting the observed signal with the more complicated exponentially broadened Gaussian model. 
  

If the exponential factor "tc" is not known, it can be determined by iterative curve fitting using ipf.m 

(page 416), manually adjusting the exponential factor ('extra') interactively with the A and Z keys to get 

the best fit: 
  

>>ipf([xx;yy]);   

which in this case gives a best fit when the 

exponential factor "tc" is adjusted to about 

69.9 (close the correct value of 70 in this 

simulation).  

Alternatively, you can use peakfit.m with 

the unconstrained variable exponentially 

broadened Gaussian (shape 31), which will 

automatically find the best value of "tc", 

but in that case the best results will be 

obtained if you give it a rough first guess 

("start") as the eighth input argument, with 

values within a factor of two or so of the 

correct values: 

>>[FitResults,FitError]=peakfit([xx;yy],0,0,1,31,70,10,  [20 10 50])  

            Peak#    Position    Height      Width      Area      tc  
              1     25.006      0.99828     10.013    10.599    69.83  
GoodnessOfFit =  
      0.15575       0.99998  

The value of the exponential factor determined by this method is 69.8, again close to 70. However, if 

the signal is very noisy, there will be quite a bit of uncertainty in the value of the exponential factor so 

determined - for example, the value will vary a bit if slightly different regions of the signal are selected 

for measurement (e.g., by panning or zooming in ipf.m or by changing the center and window 

arguments in peakfit.m). See page 307 for another example with four overlapping Gaussians.  

Noise reduction in deconvoluted signals 

The most common way to control the high-frequency noise amplification resulting from deconvolution, 

as described above, is low-pass filtering, either by some form of sliding average filter or by a Fourier 

filter. The basic limitation of such filters, unfortunately, is that they are limited in their ability to handle 

situations where near-zero values in the fft of the deconvolution function in the denominator result in 

astronomically large values in the deconvoluted signal. To appreciate this problem, consider the figures 

below, created by the Matlab script DenomAdditionDemo.m, which shows the application of self-

deconvolution to sharpen a single isolated Gaussian peak by deconvolving a narrower zero-centered 

Gaussian function (0.8 times the width of the original peak), using only a Fourier filter (page 129) to 

reduce noise and ringing. (Double-click to view enlarged figures) 

https://terpconnect.umd.edu/~toh/spectrum/peakfit.m
https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo.m
https://terpconnect.umd.edu/~toh/spectrum/CurveFitExponentialGaussian.png
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Figure window 1 (left) shows the original peak (top left) and the remaining subplots show the 

deconvoluted peaks after smoothing by a Fourier filer with 5 different frequency cutoffs to reduce the 

ringing. The corresponding frequency spectra of those five deconvoluted signals are shown in figure 

window 2 (right), which shows two distinct frequency regions:  

(a) The left-hand (low frequency) side is a smooth curved region. This is the frequency region 

dominated by the peaks that have been sharpened by deconvolution. The narrower the peak, the 

more gradually the curve drops off at higher frequencies. 
 

(b) The right-hand (high frequency) end of the spectrum is dominated by the noise and ringing 

in the deconvoluted signal. You want to reduce this region as much as possible without reducing 

the lower frequencies too much (which would broaden the peaks). 

Observing these spectra can be a useful guide to adjusting the deconvolution parameters. The ringing in 

the signal peaks in Figure 1 window corresponds to the pronounced spike near the middle of the 

spectrum. As the cutoff frequency is decreased, the high-frequency components are reduced, as 

expected, but that spike still remains even at the lowest cutoff (green line), at which point the width of 

the deconvoluted peak has been broadened by the filter, opposite to the original intent of sharpening.  

EǂĦĲƚƚШŰŸŔƚĲШƖĲĬƨĦƣŔŸŰШĤǃШĬĲŰŸůŔŰċƣŸƖШċĬĬŔƣŔŸŰШыƖĲŊƨũċƖŔǍċƣŔŸŰь 

This problem can be solved by simply adding a small positive non-zero constant or distribution 

function to the denominator in the deconvolution calculation, which prevents excessively small 

numbers in the denominator. The quantity added is small, typically 1% to 5% of the amplitude of the 

denominator. In Matlab, the plain deconvolution operation is coded like so: 

ydc=ifft(fft(y)./(fft(df))).*sum(df)  
 

Here is the code for the case where the demoninator addition is a constant: 

ydc=ifft(fft(y)./(fft(df)+FDA.*max(fft(df)))).*sum(df)  
 

where y is the original signal, df is the deconvolution function and FDA is the fractional denominator 

addition. The addition is scaled to the maximum value of the fft of the deconvolution function df so that 

the quantity added will adjust to the varying amplidudes of different experimental signals.  

https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo2Figure1.png
https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo2Figure2.png
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An alternative is to add a constant only to those members of the denominator below a pecified 

threshold, e.g. using the ñno lower thanò function nlt(a,b): 

ydcDA=ifft(fft(y)./(nlt(fftc,DA.*0.01.*max(fftc)))).*sum(df);  
 

(The denominator addition method is included in the Matlab Live Script example on page 368). 

    

Figure windows 3 and 4 (above) show the effect of varying the fractional denominator addition without 

frequency filtering. The subplot on the top left shows the original peak and the remaining five subplots 

show the results of adding increasing amounts to the denominator, from zero to 0.1. The frequency 

spectra of those five deconvoluted signals are shown in figure window 4 (right), showing that the effect 

of denominator addition is to reduce the overall amplitude of the noisy right-hand half of the frequency 

spectrum, without changing the frequency distribution. With zero addition (blue), the large spike near 

the center is seen as before, but even the smallest addition (red) eliminates it. With the maximum 10% 

addition (green), the noise is greatly reduced but the deconvoluted peak is sharper (FWHM=0.7) than 

the width of the peak with only the filter applied (FWHM=0.82) and has the same SNR. Note: if you 

run the script DenomAdditionDemo.m, again, a different noise sample will be generated each time. 

The two frequency spectra in the above figures show that low-pass filtering and denominator addition 

are orthogonal operations in the frequency domain. Filtering operates ñhorizontallyò along the x 

(frequency) axis, whereas denominator addition operates ñverticallyò along the y (amplitude) axis and 

reduces the amplitude of the all the frequencies that are the most highly amplified by deconvolution. 

Both methods reduce noise, but they work in different ways and thus can be used together.  

A good way to explore the interplay between the values of the many variables is to use the Matlab Live 

Script DenomAdditionDemo.mlx (graphic), which has sliders and a drop down menu for adjusting the 

parameters interactively. See page 368. (See page 370 for other interactive tools). 

Reference 98 explores this method in greater detail, including adding distributions rather than a 

constant and showing several examples of applications to experimental signals.  

Deconvolution for peak area measurements 

Measuring the areas under peaks is a common requirement in quantitative analysis (page 145), but it 

https://terpconnect.umd.edu/~toh/spectrum/nlt.m
https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo.m
https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo.mlx
https://terpconnect.umd.edu/~toh/spectrum/DenomAddDemoLiveScript.png
https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo1Figure1.png
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works only if there is sufficient separation between peaks. Because deconvolution sharpens peaks but 

does not change the area under them, it can be used to improve the measurement of the areas of 

overlapping peaks. The Matlab Live Script DenomAdditionDemo.mlx (graphic) uses Fourier self-

deconvolution to sharpen peaks to improve the accuracy of the perpendicular drop method for a pair of 

overlapping peaks (check the box to the right of ñPeakAreaMeasurementsò in line 3. The Live Script 

format allows interactive controls that allow you to explore the settings for signal generation and peak 

area measurement). See page 126. 

In the Matlab script GLSDPerpDropDemo16.m, the areas of a group of three partially overlapping 

peaks is measured by the perpendicular drop method, before and after peak sharpening by Fourier self-

deconvolution. The measurements are repeated with random peak heights, to test how the peak overlap 

interferes with precise area measurement. After sixteen trials with randomized peak heights, the true 

peak areas are plotted against the measured areas, and the R2 values for each case are compared before 

and after deconvolution. The results are summarized on this PDF file. Conclusion: in every case, from 

the ñeasiestò to the most challenging, the areas of the peaks sharpened by deconvolution are the most 

accurate. 

Multiple sequential deconvolution 

In cases where the original signal has been subject to two or more sequential distorting 

convolutions(page 113), the reversal of those convolutions requires multiple sequential deconvolutions 

and cannot be undone 

accurately by a single larger 

deconvolution. As a simple 

example of that situation, the 

Matlab/ Octave script 

DeconvoluteTwiceBroadenedPeak.m, demonstrates the attempted deconvolution of two exponential 

broadenings, represented by the vectors of b1 and b2, that have been applied to an originally Gaussian 

peak. In the resulting graphic on the left, the light blue curve is the unknown original underlying signal, 

the yellow curve is the observed signal after the original has been twice exponentially broadened, and 

the red curve is an attempt to deconvolute a single wider exponential function with a larger time 

https://terpconnect.umd.edu/~toh/spectrum/DenomAdditionDemo.mlx
https://terpconnect.umd.edu/~toh/spectrum/DenomAddDemoLiveScript.png
https://terpconnect.umd.edu/~toh/spectrum/GLSDPerpDropDemo16.m
https://terpconnect.umd.edu/~toh/spectrum/3peaks.pdf
https://terpconnect.umd.edu/~toh/spectrum/DeconvoluteTwiceBroadenedPeak.m
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constant, using the de-tailing method described on page 83. That attempt is obviously unsuccessful. In 

fact, no single simple deconvolution can remove the effects of two or more convolutions. The black 

dotted line is the result of performing a deconvolution with the product fft(b1)*fft(b2) , which is the 

Fourier transform of the convolution of b1 and b2. That attempt is successful: the black dots overlay the 

original Gaussian, in blue, exactly.  

Segmented deconvolution 
If the peak widths or tailing vary substantially across the signal, you can use a segmented 

deconvolution, which allows the deconvolution vector to adapt to the local conditions in different 

signal regions. SegExpDeconv(x,y,tc) divides x,y into several equal-length segments defined by the 

length of the vector ñtcò, then each segment is deconvoluted with an exponential decay of the form 

exp(-x./t) where ñtò is the corresponding element of the vector ñtcò. Any number and sequence of t 

values can be used. SegExpDeconvPlot.m is the same except that it plots the original and deconvoluted 

signals and shows the divisions between the segments by vertical magenta lines to make it easier to 

adjust the number and values of the segments. This is demonstrated by the script 

SegExpDeconvPlotExample.m, shown in the figure below). The inevitable noise increase can be 

moderated by denominator addition (page 122) or by segmented smoothing (page 333).  

 

SegGaussDeconv.m and SegGaussDeconvPlot.m are the same except that they perform symmetrical 

(zero-centered) Gaussian deconvolution. SegDoubleExpDeconv.m and SegDoubleExpDeconvPlot.m 

perform symmetrical (zero-centered) exponential deconvolution. If the peak widths increase regularly 

across the signal, you can calculate a reasonable initial value for the vector ñtcò by giving only the 

number of segments (ñNumSegmentsò), the first value, ñstarttò, and the last value, ñendtò: 
 

tstep=(endt - startt)/NumSegments;  

tc=startt:tstep:endt;  

https://terpconnect.umd.edu/~toh/spectrum/SegExpDeconv.m
https://terpconnect.umd.edu/~toh/spectrum/SegExpDeconvPlot.m
https://terpconnect.umd.edu/~toh/spectrum/SegExpDeconvPlotExample.m
https://terpconnect.umd.edu/~toh/spectrum/SegGaussDeconv.m
https://terpconnect.umd.edu/~toh/spectrum/SegGaussDeconvPlot.m
https://terpconnect.umd.edu/~toh/spectrum/SegDoubleExpDeconv.m
https://terpconnect.umd.edu/~toh/spectrum/SegDoubleExpDeconvPlot.m
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Live script Self-deconvolution Tool 

The Live Script DeconvoluteData.mlx can perform Fourier self-deconvolution on your own data stored 

in disk. Clicking the "Open data file" button in line 1 opens a file browser, allowing you to navigate to 

your data file (in .csv or .xlsx format. The script assumes that your x,y data are in the first two columns. 

You can change that in lines 13 and 14). In the case shown here, the data file is 'HepteneTestData.csv', 

a portion of the IR spectrum of heptane, shown as the 'file' variable in the Matlab workspace. (To view 

the figures to the right as shown below, right-click on the right-hand panel and select "Disable 

synchronous scrolling").  
 

The startpc and endpc sliders in lines 9 and 10 allow you to select which portion of the data range to 

process, from 0% to 100% of the total range of the data file. The PeakShape drop-down menu in line 

17 selects the convolution function shape (in this case, a Gaussian-Lorentzian blend) and the 

PCGaussian slider in the next line allows selection of the percent Gaussian of that shape. The dw 

slider in line 21 controls the deconvolution half-width, the DA slider in line 23 controls the percent 

denominator addition. Smoothing, by Fourier filtering, is controlled by the FrequencyCutoff and 

CutOffRate in lines 25 and 27. All variables are accessible in the Matlab workspace. The final signal 

is 'syDA'. Note: you can double-click any of the sliders to change their ranges if the initial range is 

insufficient. Click the FrequencySpectra check box in line 4 to view the frequency spectra. Click the 

PlotAllSteps check box in line 5 to view all the steps leading up to the final result.  

 
See page 370 for other interactive tools. 

https://terpconnect.umd.edu/~toh/spectrum/DeconvoluteData.mlx
https://terpconnect.umd.edu/~toh/spectrum/HepteneTestData.csv
https://terpconnect.umd.edu/~toh/spectrum/FourierSelfDeconvolution.png
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Interactive deconvolution with iSignal 

In my iSignal version 8.3 and later (page 376), you can press Shift-V to display the menu of Fourier 

convolution and deconvolution operations that allow you to convolute or to deconvolute a Gaussian, 

Lorentzian or exponential function. It will ask you for the initial width or time constant of the 

deconvolution function (in X units), then you can use the 3 and 4 keys to decrease or increase the width 

by 10% (or Shift-3 and Shift-4 to adjust by 1%). This version of iSignal includes an additional way to 

reduce ringing and noise in the deconvoluted signal, by adding a constant to the denominator (reference 

85) and adjusting it with the 5 and 6 keys to decrease or increase the constant by 10% (or Shift-5 and 

Shift-6 to adjust by 1%).  

 

In this example, the original signal is shown as the dotted green line and the result of deconvoluting it 

with a Lorentzian deconvolution function is shown as the blue line. The deconvolution width was 

adjusted as large as possible without causing significant negative dips between the peaks, which for 

many types of experimental data, would be non-physical. (Recall that the mathematics of the 

deconvolution operation is structured so that the area under the peaks remains unchanged, even though 

the widths are reduced, and the heights are increased). The zoomed-in close-up in the upper panel 

shows that several peaks with shoulders are resolved into distinct peaks, allowing their peak positions 

to be measured more accurately. Fortunately, the amplitude of those revealed peaks is greater than the 

small amount of noise remaining in the signal (thanks to the good signal-to-noise ratio of the original 

signal. 

  

https://terpconnect.umd.edu/~toh/spectrum/iSignal.html
https://terpconnect.umd.edu/~toh/spectrum/iSignalConvDeconvMenu.txt
https://terpconnect.umd.edu/~toh/spectrum/iSignalConvDeconvMenu.txt
https://terpconnect.umd.edu/~toh/spectrum/iSignalLorDeconvData658ver83.png
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[ŸƨƖŔĲƖШ[ŔũƣĲƖ 
A Fourier filter is a type of filtering function that is based on direct manipulation of the frequency 

components of a signal. It works by taking the Fourier transform of the signal, then attenuating or 

amplifying specific frequencies or ranges of frequencies, and finally inverse transforming the result.  
 

In many scientific measurements, such as spectroscopy and chromatography, the signals are relatively 

smooth shapes that can be represented by a surprisingly small number of Fourier components. For 

example, the figure below (script) shows in the top panel a simulated signal with three smooth peaks, 

with peak heights of 1, 2, and 3, where the x-axis is time in seconds. The middle panel shows the first 

50 frequencies of its Fourier spectrum, where the x-axis is frequency in Hz. The amplitude of the 

Fourier components is strongest at low 

frequencies and drops to near zero at 

25 Hz.  
 

The bottom panel shows the signal re-

constructed by adding up the first "n" 

Fourier components, where n=1, 2, 

3é. A GIF animation of this process 

(visible in the Microsoft Word 365 

version or click to view in any web 

browser) shows the results of 

including the frequencies between 1 

through 25 progressively. The 

reconstructed signal starts as a big 

featureless blob with only a few 

frequencies included. The peaks 

emerge and become narrower as more 

frequencies are added, and the 

baseline between the peaks becomes 

flatter, until the result is visually 

indistinguishable from the original 

signal when 26 frequencies are included. But notice what the reconstructed signal looks like even when 

it gets only to 16 frequencies. By that point, the amplitude of the frequencies has already dropped very 

low and there is relatively little amplitude in the remaining frequencies, so the three peaks are rendered 

well. But the baseline has a small but distinct ripple, caused by the abrupt cut-off of the frequencies 

beyond that point. That can be avoided by including more frequencies or by using a filter with an 

adjustable filter shape that allows the cut-off rate to be controlled.  
 

Optimization of the Fourier filter for the signal-to-noise (SNR) ratio of peak signals faces the same 

compromise as conventional smoothing functions: the optimum SNR is achieved when the peak height 

is less than the noiseless maximum. For example, the script GaussianSNRFrequencyReconstruction.m 

shows that for a Gaussian peak, the optimum SNR is reached when the peak height is about half the 

true value, but the peak area is the same. (White noise has equal amplitude at all frequencies, (page 27) 

https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/HarmonicAnalysis.html
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.m
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.gif
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.gif
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.gif
https://terpconnect.umd.edu/~toh/spectrum/GaussianSNRFrequencyReconstruction.m
https://terpconnect.umd.edu/~toh/spectrum/SignalsAndNoise.html#Frequency
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.gif
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whereas most of the peak signal is concentrated in the first few frequencies).  
 

A more dramatic example is shown the figure on the left (script). In this case, the signal (top left) seems 

to be only random high-frequency noise, and its Fourier spectrum (top right, shown with a log y scale) 

shows that high-frequency 

components dominate the spectrum 

over most of its frequency range. 

The bottom left panel shows the 

Fourier spectrum expanded in the X 

and Y directions to show the low-

frequency region more clearly. 

There, the series of relatively 

smooth bumps, with peaks at the 

1st, 20th, and 40th frequencies, are 

most likely the actual signal. 

Working on the hypothesis that the 

components above the 40th 

harmonic are increasingly 

dominated by noise, using a Fourier 

filter function (FouFilter.m) that can 

gradually reduce the higher 

harmonics and reconstruct the signal 

from the modified Fourier transform (red line). The result (bottom right) shows that the signal contains 

two partly overlapping Lorentzian peaks that were totally obscured by high-frequency noise in the 

original signal.  

9ŸůƓƨƣĲƖШƚŸŉƣƽċƖĲШŉŸƖШ[ŸƨƖŔĲƖШ[ŔũƣĲƖŔŰŊ 
MATLAB. The simplest possible code for a Fourier simply cuts out all frequencies above a certain 

limit. To do this correctly, care must be 

taken to use both the sine and cosine (or 

equivalently the frequency and phase or 

the real and imaginary) components of the 

Fourier transform. The operation must 

account for the mirror-image structure of 

the Matlab's Fourier transform: the lowest 

frequencies are at the extremes of the fft 

and the highest frequencies are in the 

center portion. So, to pass the lowest n 

frequencies, you must pass the first n 

points and the last n points and zero out 

the others. 

  

https://terpconnect.umd.edu/~toh/spectrum/FourierFilterDemo.m
https://terpconnect.umd.edu/~toh/spectrum/FouFilter.m
https://terpconnect.umd.edu/~toh/spectrum/GaussianSNRFrequencyReconstructionFigure2.png
https://terpconnect.umd.edu/~toh/spectrum/GaussianFrequencyReconstruction3.gifFourierFilterDemo.png

















































































































































































































































































































































































































































































































































































































































































































































































































